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 âà¨æ÷. ÷ù ­ ¤ ­¨¬¨
1.1 ®­ïââï ¯àï¬®ªãâ­®ù ¬ âà¨æ÷
 âà¨æ¥î à®§¬÷àã m × n ­ §¨¢ õâìáï ¯àï¬®ªãâ­  â ¡«¨æï ç¨á¥«,
ïª  ¬ õ m àï¤ª÷¢ ÷ n áâ®¢¯æ÷¢.
¨á« , § ïª¨å áª« ¤ õâìáï ¬ âà¨æï, ­ §¨¢ îâì ùù ¥«¥¬¥­â ¬¨.
®¦¥­ ¥«¥¬¥­â ¬ õ ¤¢  ÷­¤¥ªá¨: ai j , ¤¥ i { ­®¬¥à àï¤ª , j { ­®¬¥à
áâ®¢¯æï, ­  ¯¥à¥â¨­÷ ïª¨å áâ®ùâì ¥«¥¬¥­â ai j .
 âà¨æ÷ ¯®§­ ç îâì ¢¥«¨ª¨¬¨ «÷â¥à ¬¨ « â¨­áìª®£®  «ä ¢÷âã:
A, B, C, X, Y, . . . ÷ ¤«ï § ¯¨áã ª®à¨áâãîâìáï ®¤­¨¬ ÷§ á¨¬¢®«÷¢
a1 1 a1 2 . . . a1n
a2 1 a2 2 . . . a2n
. . . . . . . . . . . .




a1 1 a1 2 . . . a1n
a2 1 a2 2 . . . a2n
. . . . . . . . . . . .





a1 1 a1 2 . . . a1n
a2 1 a2 2 . . . a2n
. . . . . . . . . . . .
am 1 am 2 . . . amn
 ,
 ¡® ¦ ¤«ï ¡÷«ìè áâ¨á«®£® ¢¨ª« ¤ã ª®à¨áâãîâìáï § ¯¨á®¬: A = (ai j)m×n ,
(ai j)m×n .
 âà¨æ÷ A i B ­ §¨¢ îâìáï à÷¢­¨¬¨, ïªé® ¢®­¨ ¬ îâì ®¤­ ª®¢÷
à®§¬÷à¨,   ùå ¢÷¤¯®¢÷¤­÷ ¥«¥¬¥­â¨, â®¡â® â÷, é® áâ®ïâì ­  ®¤­ ª®¢¨å ¬÷á-




ªé® ¢ ¬ âà¨æ÷ â÷«ìª¨ ®¤¨­ áâ®¢¯¥æì, â®¡â® n = 1 , â® ¢®­  ­ §¨-








 âà¨æî-áâ®¢¯¥æì ­ §¨¢ îâì â ª®¦ ¢¥ªâ®à®¬-áâ®¢¯æ¥¬. ªé® ¢ ¬ â-
à¨æ÷ â÷«ìª¨ ®¤¨­ àï¤®ª, â®¡â® m = 1 , â® ¢®­  ­ §¨¢ õâìáï ¬ âà¨æ¥î-
àï¤ª®¬  ¡® ¢¥ªâ®à®¬-àï¤ª®¬:
B = (b1 1, b1 2, . . . , b1n) .
÷«ìª÷áâì ¥«¥¬¥­â÷¢ ã áâ®¢¯æ÷ ­ §¨¢ îâì ©®£® ¢¨á®â®î,   ª÷«ìª÷áâì
¥«¥¬¥­â÷¢ ã àï¤ªã { ¤®¢¦¨­®î.
¢ ¤à â­®î ¬ âà¨æ¥î n -£® ¯®àï¤ªã ­ §¨¢ îâì ¬ âà¨æî, ïª  ¬ õ
n àï¤ª÷¢ ÷ n áâ®¢¯æ÷¢:
A =

a1 1 a1 2 . . . a1n
a2 1 a2 2 . . . a2n
. . . . . . . . . . . .
an 1 an 2 . . . ann
 .
«¥¬¥­â¨ a1 1, a2 2, . . . , ann áª« ¤ îâì £®«®¢­ã ¤÷ £®­ «ì ª¢ ¤à â­®ù
¬ âà¨æ÷,   ¥«¥¬¥­â¨ a1n, a2n−1, . . . , an 1 ¢ â÷© ¦¥ ¬ âà¨æ÷ { ¯®¡÷ç­ã
¤÷ £®­ «ì.
÷ £®­ «ì­®î ¬ âà¨æ¥î ­ §¨¢ îâì ª¢ ¤à â­ã ¬ âà¨æî, ã ïª®ù ¢á÷
¥«¥¬¥­â¨, é® ­¥ §­ å®¤ïâìáï ­  £®«®¢­÷© ¤÷ £®­ «÷, ¤®à÷¢­îîâì ­ã«î.
¤¨­¨ç­®î ¬ âà¨æ¥î ­ §¨¢ õâìáï ¤÷ £®­ «ì­  ¬ âà¨æï, ã ïª®ù
¢á÷ ¤÷ £®­ «ì­÷ ¥«¥¬¥­â¨ ¤®à÷¢­îîâì ®¤¨­¨æ÷. ¤¨­¨ç­ã ¬ âà¨æî
6
6
¯®§­ ç îâì ¡ãª¢®î E .  ¯à¨ª« ¤,
E4 =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 .
{ ®¤¨­¨ç­  ¬ âà¨æï ç¥â¢¥àâ®£® ¯®àï¤ªã.
ã«ì®¢®î ¬ âà¨æ¥î ­ §¨¢ õâìáï ¬ âà¨æï ¡ã¤ì-ïª®£® à®§¬÷àã, ¢á÷




0 0 . . . 0
0 0 . . . 0
. . . . . . . . . . . .
0 0 . . . 0
 .




a1 1 a1 2 . . . a1 r . . . a1n
0 a2 2 . . . a2 r . . . a2n
. . . . . . . . . . . . . . . . . .
0 0 . . . ar r . . . ar n
 .
ªé® ¢ ¬ âà¨æ÷ A § ¬÷­¨â¨ àï¤ª¨ ¢÷¤¯®¢÷¤­¨¬¨ áâ®¢¯æï¬¨, â® ®â-
à¨¬ ­ã ¬ âà¨æî ­ §¨¢ îâì âà ­á¯®­®¢ ­®î ÷ ¯®§­ ç îâì AT :
A =

a1 1 a1 2 . . . a1n
a2 1 a2 2 . . . a2n
. . . . . . . . . . . .
am 1 am 2 . . . amn
 , AT =

a1 1 a2 1 . . . am 1
a1 2 a2 2 . . . am 2
. . . . . . . . . . . .
a1n a2n . . . amn
 .
ö§ ®§­ ç¥­­ï ¢¨¯«¨¢ õ, é® ïªé® ¬ âà¨æï A ¬ õ à®§¬÷à m×n , â® âà ­á-
¯®­®¢ ­  ¬ âà¨æï AT ¬ õ à®§¬÷à n×m .
7
7
¢ ¤à â­  ¬ âà¨æï ­ §¨¢ õâìáï âà¨ªãâ­®î, ïªé® ¢á÷ ùù ¥«¥¬¥­â¨,
ïª÷ à®§â è®¢ ­÷ ¢¨é¥  ¡® ­¨¦ç¥ £®«®¢­®ù ¤÷ £®­ «÷, ¤®à÷¢­îîâì ­ã«î:
A =

a1 1 a1 2 . . . a1n
0 a2 2 . . . a2n
. . . . . . . . . . . .
0 0 . . . ann
 , B =

b1 1 0 0 . . . 0
b2 1 b2 2 0 . . . 0
. . . . . . . . . . . . . . .
bn 1 bn 2 bn 3 . . . bnn
 .
¢ ¤à â­  ¬ âà¨æï ¯®àï¤ªã n ­ §¨¢ õâìáï á¨¬¥âà¨ç­®î, ïªé®
ùù ¥«¥¬¥­â¨, ïª÷ õ á¨¬¥âà¨ç­¨¬¨ ¢÷¤­®á­® £®«®¢­®ù ¤÷ £®­ «÷, à÷¢­÷ ¬÷¦
á®¡®î, â®¡â®
ak l = al k, k = 1, 2, . . . , n, l = 1, 2, . . . , n.







ç¥¢¨¤­®, é® ¤®¢÷«ì­  á¨¬¥âà¨ç­  ¬ âà¨æï §¡÷£ õâìáï §÷ á¢®õî âà ­á-
¯®­®¢ ­®î.
¢ ¤à â­  ¬ âà¨æï ¯®àï¤ªã n ­ §¨¢ õâìáï ª®á®á¨¬¥âà¨ç­®î,
ïªé® ­  ùù £®«®¢­÷© ¤÷ £®­ «÷ áâ®ïâì ­ã«÷,   ¥«¥¬¥­â¨, á¨¬¥âà¨ç­÷
¢÷¤­®á­® £®«®¢­®ù ¤÷ £®­ «÷, ¢÷¤à÷§­ïîâìáï â÷«ìª¨ §­ ª®¬, â®¡â®
ak l = −al k, k = 1, 2, . . . , n, l = 1, 2, . . . , n.
®á®á¨¬¥âà¨ç­  ¬ âà¨æï ¯à¨ âà ­á¯®­ã¢ ­­÷ §¬÷­îõ á¢÷© §­ ª,



















1.3 ÷ù ­ ¤ ¬ âà¨æï¬¨
1. ®¤ ¢ ­­ï ¬ âà¨æì. ã¬®î ¬ âà¨æì A = (ai j)m×n â  B = (bi j)m×n
®¤­ ª®¢®£® à®§¬÷àã ­ §¨¢ õâìáï ¬ âà¨æï C = (ci j)m×n , ¥«¥¬¥­â¨
ïª®ù ¤®à÷¢­îîâì áã¬ ¬ ¢÷¤¯®¢÷¤­¨å ¥«¥¬¥­â÷¢ ¬ âà¨æì-¤®¤ ­ª÷¢ A
i B : ci j = ai j + bi j ( i = 1, 2, . . . ,m , j = 1, 2, . . . , n ). à¨ æì®¬ã
¯¨èãâì C = A+B .
2. ­®¦¥­­ï ¬ âà¨æ÷ ­  ç¨á«®. ®¡ãâª®¬ ¬ âà¨æ÷ A = (ai j)m×n ­ 
ç¨á«® λ ­ §¨¢ õâìáï ¬ âà¨æï C = (ci j)m×n = λA , ¥«¥¬¥­â¨ ïª®ù
¤®à÷¢­îîâì ¤®¡ãâª ¬ ¢÷¤¯®¢÷¤­¨å ¥«¥¬¥­â÷¢ ¬ âà¨æ÷ A ­  ç¨á«® λ ,
â®¡â® ci j = λ ai j ( i = 1, 2, . . . ,m , j = 1, 2, . . . , n ).
3. ÷¤­÷¬ ­­ï ¬ âà¨æì. ÷§­¨æï ¤¢®å ¬ âà¨æì B ÷ A ®¤­ ª®¢¨å
à®§¬÷à÷¢ ¢¨§­ ç õâìáï ç¥à¥§ ¯®¯¥à¥¤­÷ ®¯¥à æ÷ù: B−A = B+ (−1)A .
¯à ¢¥¤«¨¢¨¬¨ õ â ª÷ ¢« áâ¨¢®áâ÷ ¢¢¥¤¥­¨å ®¯¥à æ÷©:
a) A+B = B + A { ª®¬ãâ â¨¢­÷áâì ®¯¥à æ÷ù ¤®¤ ¢ ­­ï ¬ âà¨æì;
¡) A + (B + C) = (A + B) + C {  á®æ÷ â¨¢­÷áâì ®¯¥à æ÷ù ¤®¤ ¢ ­­ï
¬ âà¨æì;
¢) A+ Θ = A , A− A = Θ { ¢« áâ¨¢÷áâì ­ã«ì®¢®£® ¥«¥¬¥­â ;
£) α(βA) = (αβ)A {  á®æ÷ â¨¢­÷áâì ®¯¥à æ÷ù ¬­®¦¥­­ï ­  ç¨á«®;
¤) α(A + B) = αA + αB { ¤¨áâà¨¡ãâ¨¢­÷áâì ®¯¥à æ÷ù ¬­®¦¥­­ï ­ 
ç¨á«® ¢÷¤­®á­® ¤®¤ ¢ ­­ï ¬ âà¨æì;
¥) (α + β)A = αA + βA { ¤¨áâà¨¡ãâ¨¢­÷áâì ®¯¥à æ÷ù ¬­®¦¥­­ï ­ 
ç¨á«® ¢÷¤­®á­® ¤®¤ ¢ ­­ï ç¨á¥«.
4. ­®¦¥­­ï ¬ âà¨æì. ®¡ãâª®¬ ¬ âà¨æ÷ A = (ai j)m×k ­  ¬ âà¨-
æî B = (bi j)k×n ­ §¨¢ õâìáï ¬ âà¨æï C = (ci j)m×n , ¥«¥¬¥­â¨ ïª®ù
¤®à÷¢­îîâì áã¬÷ ¤®¡ãâª÷¢ ¥«¥¬¥­â÷¢ i -£® àï¤ª  ¬ âà¨æ÷ A ÷ j -£®
9
9
áâ®¢¯æï ¬ âà¨æ÷ B , â®¡â®
ci j = ai 1b1 j + ai 2b2 j + · · ·+ ai kbk j.
ö§ æì®£® ®§­ ç¥­­ï ¢¨¯«¨¢ õ, é® ¬­®¦¥­­ï ¯àï¬®ªãâ­¨å ¬ âà¨æì
¬®¦«¨¢¥ â÷«ìª¨ â®¤÷, ª®«¨ ç¨á«® áâ®¢¯æ÷¢ ¬ âà¨æ÷ A ¤®à÷¢­îõ ç¨-
á«ã àï¤ª÷¢ ¬ âà¨æ÷ B . ­®¦¥­­ï ¦ ª¢ ¤à â­¨å ¬ âà¨æì ®¤­®£®
¯®àï¤ªã § ¢¦¤¨ ¬®¦«¨¢¥. å¥¬ â¨ç­® à®§¬÷à¨ á¯÷¢¬­®¦­¨ª÷¢ ÷
¤®¡ãâªã ¬®¦­  § ¯¨á â¨ ¢ â ª®¬ã ¢¨£«ï¤÷:
m× k︸ ︷︷ ︸ · k × n︸ ︷︷ ︸ = m× n︸ ︷︷ ︸ .
 âà¨æ÷, é® § ¤®¢®«ì­ïîâì á¯÷¢¢÷¤­®è¥­­ï AB = BA ­ §¨¢ îâìáï
¯¥à¥áâ ¢­¨¬¨ (ª®¬ãâ â¨¢­¨¬¨).  ¯à¨ª« ¤, ®¤¨­¨ç­  ¬ âà¨æï
¯¥à¥áâ ¢­  § ¤®¢÷«ì­®î ª¢ ¤à â­®î ¬ âà¨æ¥î â®£® á ¬®£® ¯®àï¤ªã:
AE = EA = A.
 ª¨¬ ç¨­®¬, ®¤¨­¨ç­  ¬ âà¨æï ¯à¨ ¬­®¦¥­­÷ ª¢ ¤à â­¨å ¬ âà-
¨æì ¢¨ª®­ãõ âã ¦ à®«ì, é® ÷ ç¨á«® 1 ¯à¨ ¬­®¦¥­­÷ ç¨á¥«.
 §­ ç¨¬®, é® ¤®¡ãâ®ª ¤¢®å ­¥­ã«ì®¢¨å ¬ âà¨æì ¬®¦¥ ¤®à÷¢­î-
¢ â¨ ­ã«ì®¢÷© ¬ âà¨æ÷, â®¡â® ÷§ à÷¢­®áâ÷ AB = Θ ­¥ ¢¨¯«¨¢ õ, é®

















5. ÷¤­¥á¥­­ï ¤® áâ¥¯¥­ï. ¥å © n (n > 1) | æ÷«¥ ¤®¤ â­¥ ç¨á«®, A
| ª¢ ¤à â­  ¬ âà¨æï. ®¤÷ An õ ¤®¡ãâ®ª n ¬ âà¨æì, ª®¦­  ÷§ ïª¨å
¤®à÷¢­îõ A , â®¡â®
A =
n à §÷¢︷ ︸︸ ︷
A · A · · · · · A .
«ï ¬­®£®ç«¥­  P (t) = antn + an−1tn−1 + · · · + a0 ÷ ª¢ ¤à â­®ù




P (A) = anA
n + an−1A
n−1 + · · ·+ a0E.
¯¥à æ÷ù ­ ¤ ¬ âà¨æï¬¨, ã¢¥¤¥­÷ ¢ ¯ã­ªâ å 1 { 5, ¬ îâì â ª÷
¢« áâ¨¢®áâ÷ (§  ã¬®¢¨, é® § §­ ç¥­÷ ®¯¥à æ÷ù ¬­®¦¥­­ï ¬ îâì §¬÷áâ):
a) AΘ = ΘA = Θ | ¢« áâ¨¢÷áâì ­ã«ì®¢®£® ¥«¥¬¥­â  ¯à¨
¬­®¦¥­­÷ ¬ âà¨æì;
¡) AE = EA = A | ¢« áâ¨¢÷áâì ®¤¨­¨ç­®£® ¥«¥¬¥­â ;
¢) A(BC) = (AB)C |  á®æ÷ â¨¢­÷áâì ®¯¥à æ÷ù ¬­®¦¥­­ï ¬ â-
à¨æì;
£) α(AB) = A(αB) = (αA)B ;
¤) (A+B)C = AC+BC , C(A+B) = CA+CB { ¤¨áâà¨¡ãâ¨¢­÷áâì
®¯¥à æ÷ù ¬­®¦¥­­ï ¬ âà¨æì;
¥) An+m = AnAm = AmAn , n, m ∈ Z ;












«) (A+B)T = AT +BT ;
¬) (λA)T = λAT , λ ∈ R ;
­) (CA)T = ATCT .
















è¨¬¨ á«®¢ ¬¨, £à ­¨æï ¯®á«÷¤®¢­®áâ÷ ¬ âà¨æì ¤®à÷¢­îõ ¬ âà¨æ÷ §




ö­ª®«¨ ¡ã¢ õ ¤®æ÷«ì­® §¢¥áâ¨ ®¡ç¨á«¥­­ï ­ ¤ ¬ âà¨æï¬¨ ¢¨á®ª¨å
¯®àï¤ª÷¢ ¤® ®¡ç¨á«¥­ì § ¬ âà¨æï¬¨ ¬¥­è¨å ¯®àï¤ª÷¢.  ª¥ §¢¥¤¥­­ï,
§®ªà¥¬ , §¤÷©á­îõâìáï è«ïå®¬ à®§¡¨ââï § ¤ ­®ù ¬ âà¨æ÷ ­  ¡«®ª¨.
®¦­ã ¬ âà¨æî §  ¤®¯®¬®£®î ¢¥àâ¨ª «ì­¨å â  £®à¨§®­â «ì­¨å
«÷­÷©, ïª÷ ¯¥à¥â¨­ îâì ãáî ¬ âà¨æî, ¬®¦­  à®§¡¨â¨ ­  ¡«®ª¨, é® õ
¬ âà¨æï¬¨ ¬¥­è¨å à®§¬÷à÷¢.  ¯à¨ª« ¤, ¬ âà¨æî A ¬®¦­  à®§¡¨â¨
­  ¡«®ª¨ â ª¨¬ ç¨­®¬:
A =

a11 a12 | a13
a21 a22 | a23
−− −− −|− −−













, D = (a31, a32), E = (a33).







 ¡«®ç­¨¬¨ ¬ âà¨æï¬¨ ¬®¦­  à®¡¨â¨ ®á­®¢­÷ ¬ â¥¬ â¨ç­÷ ®¯¥à æ÷ù:
¤®¤ ¢ ­­ï, ¬­®¦¥­­ï ­  ç¨á«®, ¬­®¦¥­­ï ¬ âà¨æì, âà ­á¯®­ã¢ ­­ï â 
®¡¥à­¥­­ï. «®ç­÷ ¬ âà¨æ÷ ®¤­ ª®¢¨å à®§¬÷à÷¢ ÷ ®¤­ ª®¢®£® à®§¡¨ââï ­ 
¡«®ª¨ ­ §¨¢ îâìáï ª®­ä®à¬­¨¬¨.
 âà¨æï, ã ïª®ù ¡÷«ìè÷áâì ¥«¥¬¥­â÷¢ ¢÷¤¬÷­­÷ ¢÷¤ ­ã«ï, ­ §¨¢ õâìáï
é÷«ì­®î ¬ âà¨æ¥î.  âà¨æï, ¡÷«ìè÷áâì ¥«¥¬¥­â÷¢ ã ïª®ù õ ­ã«ì®¢¨¬¨,
­ §¨¢ õâìáï à®§à÷¤¦¥­®î ¬ âà¨æ¥î. «ï à®§à÷¤¦¥­¨å ¬ âà¨æì ª®à¨á­®
¢¨¤÷«ïâ¨ ­ã«ì®¢÷ ¡«®ª¨ § ¬¥â®î §¬¥­è¥­­ï ®¡ç¨á«î¢ «ì­¨å ®¯¥à æ÷©.
12
12
¯¥à æ÷ù ¤®¤ ¢ ­­ï, ¬­®¦¥­­ï ­  ç¨á«® ÷ ¤®¡ãâ®ª ¡«®ç­¨å ¬ âà¨æì
¢¨ª®­ãîâìáï §  â¨¬¨ ¦ ¯à ¢¨« ¬¨, é® ÷ ¤«ï §¢¨ç ©­¨å ¬ âà¨æì, â÷«ìª¨
§ ¬÷áâì ¥«¥¬¥­â÷¢ ã ä®à¬ã« å ¢¨ª®à¨áâ®¢ãîâì ¢÷¤¯®¢÷¤­÷ ¡«®ª¨.
1. ®¤ ¢ ­­ï ¬ âà¨æì. ¥å © A ÷ B ª®­ä®à¬­÷ ¬ âà¨æ÷:
A =

A11 A12 . . . A1n
. . . . . . . . . . . .
Am1 Am2 . . . Amn
 , B =

B11 B12 . . . B1n
. . . . . . . . . . . .





A11 +B11 A12 +B12 . . . A1n +B1n
. . . . . . . . . . . .
Am1 +Bm1 Am2 +Bm2 . . . Amn +Bmn

.
2. ­®¦¥­­ï ¬ âà¨æ÷ ­  ç¨á«®. ªé® § ¤ ­÷ ¬ âà¨æï A = (Ai j)m×n
â  ç¨á«® α ∈ R , â®
αA =

αA11 αA12 . . . αA1n
. . . . . . . . . . . .
αAm1 αAm2 . . . αAmn
 .
3. ­®¦¥­­ï ¡«®ç­¨å ¬ âà¨æì. à¨ ¬­®¦¥­­÷ ¬ âà¨æ÷ ¯®¢¨­­÷ ¡ãâ¨
à®§¡¨â÷ ­  ¡«®ª¨ â ª¨¬ ç¨­®¬, é®¡
a) ª÷«ìª÷áâì ¡«®ç­¨å áâ®¢¯æ÷¢ ¯¥àè®ù ¬ âà¨æ÷ ¢÷¤¯®¢÷¤ «a ª÷«ìª®áâ÷
¡«®ç­¨å àï¤ª÷¢ ¤àã£®ù ¬ âà¨æ÷;
¡) á ¬÷ ¬ âà¨æ÷, ïª÷ ¢å®¤ïâì ã ¡«®ª¨, ¯®¢¨­­÷ § ¤®¢®«ì­ïâ¨ ã¬®¢¨
¬­®¦¥­­ï §¢¨ç ©­¨å ¬ âà¨æì.





















4. à ­á¯®­ã¢ ­­ï ¡«®ç­¨å ¬ âà¨æì. à¨ âà ­á¯®­ã¢ ­­÷ ¡«®ç­®ù
















à¨ª« ¤ 1.1.  ¤ ­÷ ¡«®ç­÷ ¬ âà¨æ÷
A =

1 2 | 5
−− −− −|− −−
3 1 | 4









3 1 | 2
−− −− −|− −−
0 4 | 5







­ ©â¨ C = A+B , D = 2B , BT .
®§¢'ï§ ­­ï.  âà¨æ÷ A ÷ B ¬ îâì ¡«®ª¨ ®¤­ ª®¢¨å à®§¬÷à÷¢:
¡«®ª¨ A11 ÷ B11 ¬ îâì à®§¬÷à 1× 2 ; ¡«®ª¨ A12 ÷ B12 | 1× 1 ; ¡«®ª¨
A21 ÷ B21 | 2×2 ; ¡«®ª¨ A22 ÷ B22 | 2×1 .  âà¨æï C = A+B ¡ã¤¥








4 3 | 7
−− −− −|− −−
3 5 | 9




 âà¨æï D = 2B ¡ã¤¥ ¬ â¨ ¡«®ª¨ â¨å ¦¥ à®§¬÷à÷¢, é® ÷ B :
D =

6 2 | 4
−− −− −|− −−
0 8 | 10
2 4 | 6
 .








3 | 0 1
1 | 4 2
−− −|− −− −−
2 | 5 3
 .
à¨ª« ¤ 1.2.  ¤ ­÷ ¡«®ç­÷ ¬ âà¨æ÷
A =

1 2 | 5
−− −− −|− −−
4 3 | 2









2 2 | 0
3 1 | 3
−− −− −|− −−







­ ©â¨ ¤®¡ãâ®ª ¡«®ç­¨å ¬ âà¨æì C = AB .
®§¢'ï§ ­­ï.  âà¨æï A à®§¡¨â  ­  ¡«®ª¨: ¡«®ª¨ A11 à®§¬÷à®¬
1× 2 ; A12 | 1× 1 ; A21 | 2× 2 ; A22 | 2× 1 .  âà¨æï B à®§¡¨â 
­  ¡«®ª¨: ¡«®ª¨ B11 à®§¬÷à®¬ 2 × 2 ; B12 | 2 × 1 ; B21 | 1 × 2 ;
B22 | 1× 1 .  âà¨æï A à®§¡¨â  ¯® áâ®¢¯æï¬ ­  ¤¢  ÷ ®¤¨­ (à åãîç¨
§«÷¢ ),   ¬ âà¨æï B à®§¡¨â  ¯® àï¤ª å ­  ¤¢  ÷ ®¤¨­ (à åãîç¨ §¢¥àåã).










«ï ª®¦­®£® ¡«®ª  §­ å®¤¨¬®:





+ (5)(2 0) = (8 4) + (10 0) = (18 4),





+ (5)(2) = (6) + (10) = (16),




























































â¦¥, ¬ âà¨æï C ¡ã¤¥ ¬ â¨ â ª¨© ¢¨£«ï¤:
C =

18 4 | 16
−− −− −|− −−
21 11 | 13
21 7 | 15
 .
à¨ª« ¤ 1.3. ­ ©â¨ ¤®¡ãâ®ª ¬ âà¨æì ç¥â¢¥àâ®£® ¯®àï¤ªã
A =

0 0 1 0
0 0 0 1
1 0 1 2
0 1 3 4
 , B =

5 6 0 0
7 8 0 0
1 0 1 0




®§¢'ï§ ­­ï. ®§÷¡'õ¬® § ¤ ­÷ ¬ âà¨æ÷ ­  ¡«®ª¨ à®§¬÷à®¬ 2× 2 :
A =

0 0 1 0
0 0 0 1
1 0 1 2









5 6 0 0
7 8 0 0
1 0 1 0










































ΘD + EE | ΘΘ + EE
−− −|− −−





C +D | C
 .
â¦¥, § ¬÷áâì ¬­®¦¥­­ï ¬ âà¨æì A i B ¤®áâ â­ì® §­ ©â¨ â÷«ìª¨ ®¤¨­




















1 0 1 0
0 1 0 1
6 8 1 2






2.1 ¨§­ ç­¨ª¨ ¤àã£®£® â  âà¥âì®£® ¯®àï¤ªã
®§£«ï­¥¬® ª¢ ¤à â­ã ¬ âà¨æî ¤àã£®£® ¯®àï¤ªã:
A =
(
a1 1 a1 2
a2 1 a2 2
)
.
¨§­ ç­¨ª®¬ ¤àã£®£® ¯®àï¤ªã, é® ¢÷¤¯®¢÷¤ õ ¬ âà¨æ÷ A , ­ §¨-
¢ õâìáï ç¨á«®, ïª¥ ¢¨§­ ç õâìáï à÷¢­÷áâî
∆ = ∆(A) =
∣∣∣∣∣ a1 1 a1 2a2 1 a2 2
∣∣∣∣∣ = a1 1a2 2 − a1 2a2 1.
¥å © § ¤ ­  ª¢ ¤à â­  ¬ âà¨æï âà¥âì®£® ¯®àï¤ªã:
A =

a1 1 a1 2 a1 3
a2 1 a2 2 a2 3
a3 1 a3 2 a3 3
 .
¨§­ ç­¨ª®¬ âà¥âì®£® ¯®àï¤ªã, é® ¢÷¤¯®¢÷¤ õ ¬ âà¨æ÷ A , ­ §¨-
¢ õâìáï ç¨á«®, ïª¥ ¢¨§­ ç õâìáï à÷¢­÷áâî
∆ = ∆(A) =
∣∣∣∣∣∣∣∣
a1 1 a1 2 a1 3
a2 1 a2 2 a2 3
a3 1 a3 2 a3 3
∣∣∣∣∣∣∣∣ = a1 1a2 2a3 3 + a1 2a2 3a3 1 + a2 1a3 2a1 3−
− a3 1a2 2a1 3 − a1 2a2 1a3 3 − a3 2a2 3a1 1. (2.1)
à¨ ®¡ç¨á«¥­­÷ ¢¨§­ ç­¨ª÷¢ âà¥âì®£® ¯®àï¤ªã §àãç­® ª®à¨áâã¢ â¨áï




¨á. 2.1: à ¢¨«®  ààãá 
¨á. 2.2: å¥¬  ®¡ç¨«¥­­ï ¢¨§­ ç­¨ª  3-£® ¯®àï¤ªã
 ¢¥¤¥¬® â ª®¦ ¤àã£¨© á¯®á÷¡ ®¡ç¨á«¥­­ï ¢¨§­ ç­¨ª , ïª¨© ¯®-
âà¥¡ãõ ¬¥­è®£® ­ ¯àã¦¥­­ï ¯ ¬'ïâ÷ â  ã¢ £¨. «ï æì®£® ¢ ¬ âà¨æ÷, ïª 
¢÷¤¯®¢÷¤ õ èãª ­®¬ã ¢¨§­ ç­¨ªã, ¤®¯¨áãîâì ¯à ¢®àãç ¯¥àè¨© â  ¤àã-
£¨© áâ®¢¯æ÷  ¡® §­¨§ã é¥ à § ¤®¯¨áãîâì ¯¥àè¨© ÷ ¤àã£¨© àï¤ª¨ (¤¨¢.
à¨á. 2.2).  â ¡«¨æ÷ ¢¨¤­®, ïª÷ ¤®¡ãâª¨ âà÷©®ª ç¨á¥« ¬ îâì §­ ª + ,   ïª÷
§­ ª − .
«÷¤ ç÷âª® à®§à÷§­ïâ¨ ¢¨§­ ç­¨ª ÷ ¬ âà¨æî, ïª÷© æ¥© ¢¨§­ ç­¨ª




®§£«ï­¥¬® ¢« áâ¨¢®áâ÷ ¢¨§­ ç­¨ª÷¢ âà¥âì®£® ¯®àï¤ªã, å®ç  ¢®­¨
¬ îâì ¬÷áæ¥ ¤«ï ¢¨§­ ç­¨ª÷¢ ¡ã¤ì-ïª®£® ¯®àï¤ªã.
1. ­ ç¥­­ï ¢¨§­ ç­¨ª  ­¥ §¬÷­îõâìáï, ïªé® ©®£® àï¤ª¨ â  áâ®¢¯æ÷
¯®¬÷­ïâ¨ ¬÷áæï¬¨, â®¡â®∣∣∣∣∣∣∣∣
a1 1 a1 2 a1 3
a2 1 a2 2 a2 3
a3 1 a3 2 a3 3
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
a1 1 a2 1 a3 1
a1 2 a2 2 a3 2
a1 3 a2 3 a3 3
∣∣∣∣∣∣∣∣  ¡® ∆(A) = ∆(A
T ).
ï ¢« áâ¨¢÷áâì ¢áâ ­®¢«îõ ¯®¢­ã à÷¢­®¯à ¢­÷áâì àï¤ª÷¢ ÷ áâ®¢¯æ÷¢,
â®¬ã ¢á÷ ­ áâã¯­÷ ¢« áâ¨¢®áâ÷ ¬®¦­  ä®à¬ã«î¢ â¨  ¡® â÷«ìª¨ ¤«ï
àï¤ª÷¢,  ¡® â÷«ìª¨ ¤«ï áâ®¢¯æ÷¢.
2. à¨ ¯¥à¥áâ ­®¢æ÷ ¤¢®å àï¤ª÷¢ ¢¨§­ ç­¨ª  §¬÷­îõâìáï â÷«ìª¨ ©®£®
§­ ª.
3. ¨§­ ç­¨ª § ¤¢®¬  ®¤­ ª®¢¨¬¨ àï¤ª ¬¨ ¤®à÷¢­îõ ­ã«î.
4. ªé® ¢á÷ ¥«¥¬¥­â¨ ïª®£®-­¥¡ã¤ì àï¤ª  ¢¨§­ ç­¨ª  ¬÷áâïâì á¯÷«ì­¨©
¬­®¦­¨ª, â® ©®£® ¬®¦­  ¢¨­¥áâ¨ §  §­ ª ¢¨§­ ç­¨ª .
5. ªé® ¢á÷ ¥«¥¬¥­â¨ ïª®£®-­¥¡ã¤ì àï¤ª  ¢¨§­ ç­¨ª  ¤®à÷¢­îîâì ­ã«î,
â® © á ¬ ¢¨§­ ç­¨ª ¤®à÷¢­îõ ­ã«î.
6. ªé® ¥«¥¬¥­â¨ ¤¢®å àï¤ª÷¢ ¯à®¯®àæ÷©­÷, â® ¢¨§­ ç­¨ª ¤®à÷¢­îõ
­ã«î.
7. ªé® ¢á÷ ¥«¥¬¥­â¨ ¤¥ïª®£® àï¤ª  ¢¨§­ ç­¨ª  õ áã¬®î ¤¢®å ¤®¤ ­ª÷¢,
â® ¢¨§­ ç­¨ª ¤®à÷¢­îõ áã¬÷ ¤¢®å ¢¨§­ ç­¨ª÷¢, ã ïª¨å ¥«¥¬¥­â¨
§£ ¤ ­®£® àï¤ª  § ¬÷­¥­÷ ¢÷¤¯®¢÷¤­¨¬¨ ¤®¤ ­ª ¬¨, ­ ¯à¨ª« ¤:∣∣∣∣∣∣∣∣
a1 1 + α a1 2 + β a1 3 + γ
a2 1 a2 2 a2 3
a3 1 a3 2 a3 3
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
a1 1 a1 2 a1 3
a2 1 a2 2 a2 3




a2 1 a2 2 a2 3




8. ªé® ¤® ¥«¥¬¥­â÷¢ ¤¥ïª®£® àï¤ª  ¢¨§­ ç­¨ª  ¤®¤ â¨ ¥«¥¬¥­â¨ ¤àã-
£®£® àï¤ª , ¯®¬­®¦¥­÷ ­  ¤®¢÷«ì­¥ ç¨á«® λ , â® §­ ç¥­­ï ¢¨§­ ç­¨ª 
­¥ §¬÷­¨âìáï.  ¯à¨ª« ¤,∣∣∣∣∣∣∣∣
a1 1 a1 2 a1 3
a2 1 a2 2 a2 3
a3 1 a3 2 a3 3
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
a1 1 a1 2 a1 3
a2 1 + λa1 1 a2 2 + λa1 2 a2 3 + λa1 3
a3 1 a3 2 a3 3
∣∣∣∣∣∣∣∣ .
«ï ä®à¬ã«î¢ ­­ï ¯®¤ «ìè¨å ¢« áâ¨¢®áâ¥© ­¥®¡å÷¤­® ¢¢¥áâ¨ ­®¢÷
¯®­ïââï.
÷­®à®¬ Mi k , é® ¢÷¤¯®¢÷¤ õ ¥«¥¬¥­âã ai k ª¢ ¤à â­®ù ¬ âà¨æ÷ A
¯®àï¤ªã n , ­ §¨¢ õâìáï ¢¨§­ ç­¨ª, ïª¨© ¢÷¤¯®¢÷¤ õ ¬ âà¨æ÷, ãâ¢®à¥­÷©
§ ¬ âà¨æ÷ A ¢¨ªà¥á«¥­­ï¬ i -£® àï¤ª  ÷ k -£® áâ®¢¯æï.
«£¥¡à ùç­¨¬ ¤®¯®¢­¥­­ï¬ Ai k ¥«¥¬¥­â  ai k ª¢ ¤à â­®ù ¬ âà¨æ÷
A ¯®àï¤ªã n ­ §¨¢ õâìáï ©®£® ¬÷­®à, ã§ïâ¨© §÷ §­ ª®¬ (−1)i+k :
Ai k = (−1)i+kMi k.
9. ¨§­ ç­¨ª ª¢ ¤à â­®ù ¬ âà¨æ÷ ¤®à÷¢­îõ áã¬÷ ¤®¡ãâª÷¢ ¥«¥¬¥­â÷¢
¡ã¤ì-ïª®£® àï¤ª  ­  ùå  «£¥¡à ùç­÷ ¤®¯®¢­¥­­ï. ö­ ªè¥ ª ¦ãç¨, ¤«ï
¢¨§­ ç­¨ª  âà¥âì®£® ¯®àï¤ªã (2.1) á¯à ¢¥¤«¨¢÷ â ª÷ à÷¢­®áâ÷:
∆ = a1 1A1 1 + a2 1A2 1 + a3 1A3 1, (2.2)
∆ = a1 2A1 2 + a2 2A2 2 + a3 2A3 2, (2.3)
∆ = a1 3A1 3 + a2 3A2 3 + a3 3A3 3, (2.4)
∆ = a1 1A1 1 + a1 2A1 2 + a1 3A1 3, (2.5)
∆ = a2 1A2 1 + a2 2A2 2 + a2 3A2 3, (2.6)
∆ = a3 1A3 1 + a3 2A3 2 + a3 3A3 3. (2.7)
ï ¢« áâ¨¢÷áâì ¤aõ §¬®£ã §¢¥áâ¨ ®¡ç¨á«¥­­ï ¤ ­®£® ¢¨§­ ç­¨ª  ¤®
®¡ç¨á«¥­­ï ¢¨§­ ç­¨ª÷¢, ¯®àï¤®ª ïª¨å ­  ®¤¨­¨æî ¬¥­è¨©. ®à-
¬ã«¨ (2.2) { (2.4) ­ §¨¢ îâìáï ä®à¬ã« ¬¨ à®§ª« ¤ ­­ï ¢¨§­ ç­¨-
21
21
ª  §  ¥«¥¬¥­â ¬¨ ¤¥ïª®£® áâ®¢¯æï,   ä®à¬ã«¨ (2.5) { (2.7) | ä®à-
¬ã« ¬¨ à®§ª« ¤ ­­ï §  ¥«¥¬¥­â ¬¨ ¤¥ïª®£® àï¤ª . ®à¨áâãîç¨áì
ä®à¬ã« ¬¨ à®§ª« ¤ ­­ï ¢¨§­ ç­¨ª  §  ¥«¥¬¥­â ¬¨ áâ®¢¯æï, ®âà¨-
¬ õ¬®, é® ¢¨§­ ç­¨ª âà¨ªãâ­®ù ¬ âà¨æ÷ ¤®à÷¢­îõ ¤®¡ãâªã ¥«¥¬¥­â÷¢
ùù £®«®¢­®ù ¤÷ £®­ «÷. ¯à ¢¤÷,
∆ =
∣∣∣∣∣∣∣∣∣∣∣
a1 1 a1 2 a1 3 . . . a1n
0 a2 2 a2 3 . . . a2n
. . . . . . . . . . . . . . .




a2 2 a2 3 . . . a2n
0 a3 3 . . . a3n
. . . . . . . . . . . .
0 0 . . . ann
∣∣∣∣∣∣∣∣∣∣∣
=
= a1 1a2 2
∣∣∣∣∣∣∣∣
a3 3 . . . a3n
. . . . . . . . .
0 . . . ann
∣∣∣∣∣∣∣∣ = · · · = a1 1a2 2 . . . ann. (2.8)
âà¨¬ ­¨© à¥§ã«ìâ â ¤ õ ¬¥â®¤ ®¡ç¨á«¥­­ï ¢¨§­ ç­¨ª÷¢ ¤®¢÷«ì­®£®
¯®àï¤ªã, ïª¨© ¯®«ï£ õ ã §¢¥¤¥­­÷ ¤ ­®£® ¢¨§­ ç­¨ª  ¤® âà¨ªãâ­®£®
¢¨£«ï¤ã, ¢¨ª®à¨áâ®¢ãîç¨ ¢« áâ¨¢®áâ÷ 1 { 8.
10. ¨§­ ç­¨ª ¤®¡ãâªã ¤¢®å ª¢ ¤à â­¨å ¬ âà¨æì ¤®à÷¢­îõ ¤®¡ãâªã ùå
¢¨§­ ç­¨ª÷¢: ∆(AB) = ∆(A)∆(B) .
 ¢¥¤¥­÷ ¢« áâ¨¢®áâ÷ ¢¨§­ ç­¨ª÷¢ áãââõ¢® á¯à®éãîâì ùå ®¡ç¨á«¥­­ï,
®á®¡«¨¢® ¢¨§­ ç­¨ª÷¢ ¢¨é¨å ¯®àï¤ª÷¢. à¨ ®¡ç¨á«¥­­÷ ¢¨§­ ç­¨ª÷¢ ¤®-
æ÷«ì­® á¯®ç âªã, § «ãç îç¨ ¢« áâ¨¢®áâ÷ 1 { 8, §à®¡¨â¨ â ª÷ ¥ª¢÷¢ «¥­â­÷
¯¥à¥â¢®à¥­­ï, é®¡ ¢ ®âà¨¬ ­®¬ã ¢¨§­ ç­¨ªã ¡ã¢ àï¤®ª  ¡® áâ®¢¯¥æì §
ïª®¬®£  ¡÷«ìè®î ª÷«ìª÷áâî ­ã«ì®¢¨å ¥«¥¬¥­â÷¢,   ¯®â÷¬ § «ãç¨â¨ ®¤­ã
§ ä®à¬ã« (2.2) { (2.7) ¤«ï à®§ª« ¤ ­­ï ¢¨§­ ç­¨ª  §  ¥«¥¬¥­â ¬¨ á ¬¥




®¦­¨© ¢¨§­ ç­¨ª, é® áª« ¤ õâìáï § ¥«¥¬¥­â÷¢ ¬ âà¨æ÷
A = (ai j)m×n , ïª÷ áâ®ïâì ­  ¯¥à¥â¨­÷ k (k ≤ n, k ≤ m) àï¤ª÷¢ ÷
áâ®¢¯æ÷¢, ­ §¨¢ õâìáï ¬÷­®à®¬ ¬ âà¨æ÷ k -£® ¯®àï¤ªã.
 ©¢¨é¨© ¯®àï¤®ª ¢÷¤¬÷­­¨å ¢÷¤ ­ã«ï ¬÷­®à÷¢ ¬ âà¨æ÷ A ­ §¨-
¢ õâìáï à ­£®¬ ¬ âà¨æ÷ © ¯®§­ ç õâìáï r(A) (rang A) .
â¦¥, ïªé® r(A) = r , â® á¥à¥¤ ãá÷å ¬÷­®à÷¢ ¬ âà¨æ÷ r -â®£® ¯®àï¤ªã
§­ ©¤¥âìáï å®ç  ¡ ®¤¨­ ­¥­ã«ì®¢¨©, â®¤÷ ïª ãá÷ ¬÷­®à¨ ¯®àï¤ª÷¢ r + 1 ÷
¢¨é¨å ¤®à÷¢­îîâì ­ã«î  ¡® ­¥ ÷á­ãîâì.
ö§ ¢¨§­ ç¥­­ï à ­£ã ¬ âà¨æ÷ ¢¨¯«¨¢ îâì â ª÷ ¢« áâ¨¢®áâ÷:
a) à ­£ ¬ âà¨æ÷ A = (ai j)m×n ­¥ ¯¥à¥¢¨éãõ ùù à®§¬÷à÷¢, â®¡â®
r(A) ≤ min{m,n} ;
¡) r(A) = 0 â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨ ¢á÷ ¥«¥¬¥­â¨ ¬ âà¨æ÷ ¤®à÷¢­îîâì
­ã«î, â®¡â® A = Θ ;
¢) ¤«ï ª¢ ¤à â­®ù ¬ âà¨æ÷ n -£® ¯®àï¤ªã r(A) = n â®¤÷ © â÷«ìª¨ â®¤÷,
ª®«¨ ¬ âà¨æï A { ­¥¢¨à®¤¦¥­ ;
£) r(AB) ≤ min{r(A), r(B)} .
à¨ ¢¨§­ ç¥­­÷ à ­£ã ¬ âà¨æ÷ §àãç­® ª®à¨áâã¢ â¨áï ùù ¥«¥¬¥­â à-
­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨, ïª÷ §¡¥à÷£ îâì à ­£ ¢¨å÷¤­®ù ¬ âà¨æ÷ ­¥§¬÷­­¨¬.
® ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì ­ «¥¦ âì â ª÷:
1) ¢÷¤ª¨¤ ­­ï ­ã«ì®¢®£® àï¤ª   ¡® áâ®¢¯æï;
2) ¬­®¦¥­­ï ¢á÷å ¥«¥¬¥­â÷¢ àï¤ª  (áâ®¢¯æï) ­  ç¨á«®, ïª¥ ­¥ ¤®à÷¢­îõ
­ã«î;
3) §¬÷­  ¯®àï¤ªã àï¤ª÷¢ (áâ®¢¯æ÷¢) ¬ âà¨æ÷;
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4) ¤®¤ ¢ ­­ï ¤® ¥«¥¬¥­â÷¢ ïª®£®-­¥¡ã¤ì àï¤ª  (áâ®¢¯æï) ¢÷¤¯®¢÷¤­¨å
¥«¥¬¥­â÷¢ ¤àã£®£® àï¤ª  (áâ®¢¯æï), ¯®¬­®¦¥­¨å ­  ®¤­¥ ÷ â¥ á ¬¥
­¥­ã«ì®¢¥ ç¨á«®;
5) âà ­á¯®­ã¢ ­­ï ¬ âà¨æ÷.
¢÷ ¬ âà¨æ÷ ­ §¨¢ îâì ¥ª¢÷¢ «¥­â­¨¬¨, ïªé® ¢÷¤ ®¤­÷õù § ­¨å ¬®¦­ 
¯¥à¥©â¨ ¤® ¤àã£®ù §  ¤®¯®¬®£®î áª÷­ç¥­­®ù ª÷«ìª®áâ÷ ¥«¥¬¥­â à­¨å ¯¥à¥â-
¢®à¥­ì. ­ ª ∼ ¬÷¦ ¬ âà¨æï¬¨ ¯®ª §ãõ, é® ¢®­¨ ¥ª¢÷¢ «¥­â­÷ â  ¬ îâì
®¤¨­ ÷ â®© á ¬¨© à ­£.
÷­®à, ¯®àï¤®ª ïª®£® ¢¨§­ ç õ à ­£ ¬ âà¨æ÷, ­ §¨¢ õâìáï ¡ §¨á­¨¬
¬÷­®à®¬.
à¨ §­ å®¤¦¥­­÷ à ­£ã ¬ âà¨æ÷ ª®à¨áâãîâìáï ­ ¢¥¤¥­¨¬¨ ¤ «÷
¬¥â®¤ ¬¨.
¥â®¤ ®¡¢÷¤­¨å ¬÷­®à÷¢. ÷­®à Mk+1 ¯®àï¤ªã k + 1 , ïª¨© ¬÷áâ¨âì
¬÷­®à Mk , ­ §¨¢ õâìáï ®¡¢÷¤­¨¬ ¤«ï ¬÷­®à  Mk . ªé® ¢ ¬ âà¨æ÷ A
÷á­ãõ ¬÷­®à r -£® ¯®àï¤ªã, ïª¨© ¢÷¤à÷§­ïõâìáï ¢÷¤ ­ã«ï,   ¢á÷ ®¡¢÷¤­÷
¬÷­®à¨ (r + 1) -£® ¯®àï¤ªã ¤®à÷¢­îîâì ­ã«î,  ¡® ­¥ ÷á­ãîâì, â® r {
à ­£ ¬ âà¨æ÷ A .
à¨ª« ¤ 2.1. ­ ©â¨ à ­£ ¬ âà¨æ÷
A =

1 −1 0 2 1
2 3 1 −1 2
−3 2 −2 1 3
3 2 1 1 3
 .
®§¢'ï§ ­­ï. áª÷«ìª¨ á¥à¥¤ ¬÷­®à÷¢ ¯¥àè®£® ¯®àï¤ªã (â®¡â®




∣∣∣∣∣ 1 −12 3





∣∣∣∣∣∣∣∣ = −9 6= 0,
  ®¡¨¤¢  ®¡¢÷¤­÷ ¬÷­®à¨ ç¥â¢¥àâ®£® ¯®àï¤ªã
M4 =
∣∣∣∣∣∣∣∣∣∣∣
1 −1 0 2
2 3 1 −1
−3 2 −2 1
3 2 1 1
∣∣∣∣∣∣∣∣∣∣∣
= 0, M ′4 =
∣∣∣∣∣∣∣∣∣∣∣
1 −1 0 1
2 3 1 2
−3 2 −2 3
3 2 1 3
∣∣∣∣∣∣∣∣∣∣∣
= 0,
â® r(A) = 3 .
¥â®¤  ãáá  §­ å®¤¦¥­­ï à ­£ã ¬ âà¨æ÷ A = (ai j)m×n . ¥â®¤
 ãáá  ¯®«ï£ õ ¢ â®¬ã, é® §  ¤®¯®¬®£®î ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì ¬ â-
à¨æî A ¬®¦­  §¢¥áâ¨ ¤® ¥ª¢÷¢a«¥­â­®ù ¬ âà¨æ÷ B âà ¯¥æ÷õ¯®¤÷¡­®ù ä®à-
¬¨:
A ∼ B =

b11 b12 b13 . . . b1 r b1 r+1 . . . b1n
0 b22 b23 . . . b2 r b2 r+1 . . . b2n
0 0 b33 . . . b3 r b3 r+1 . . . b3n
. . . . . . . . . . . . . . . . . . . . . . . .




i = 1, 2, . . . , r,
r ≤ n.
¬®¢  r ≤ n ¤®áï£ õâìáï âà ­á¯®­ã¢ ­­ï¬ ¬ âà¨æ÷ A . áª÷«ìª¨
r(B) ≤ r , ¡® ¬ âà¨æï B ¬ õ à®§¬÷à¨ r × n , ÷
Mr =
∣∣∣∣∣∣∣∣∣∣∣∣∣
b11 b12 b13 . . . b1 r
0 b22 b23 . . . b2 r
0 0 b33 . . . b3 r
. . . . . . . . . . . .
0 0 0 . . . br r
∣∣∣∣∣∣∣∣∣∣∣∣∣
= b11 · b22 · · · · · brr 6= 0,
â® à ­£ ¬ âà¨æ÷ B ,   §­ ç¨âì ÷ A , ¤®à÷¢­îõ r .
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®§¢'ï§ ­­ï.  âà¨æî A á¯®ç âªã âà ­á¯®­ãõ¬®, ¡® m > n ,  
¯®â÷¬, ¯÷á«ï ®ç¥¢¨¤­¨å ¯¥à¥â¢®à¥­ì, ®âà¨¬ õ¬®
A ∼

1 3 7 2 5
−1 0 4 8 3
3 6 10 −4 7
 ∼

1 3 7 2 5
0 3 11 10 8
0 −3 −11 −10 −8
 ∼
(
1 3 7 2 5
0 3 11 10 8
)
.
áª÷«ìª¨ r(A) ≤ 2 ÷ M2 =
∣∣∣∣∣ 1 30 3
∣∣∣∣∣ = 3 6= 0 , â® r(A) = 2 .
®­ïââï à ­£ã ¬ âà¨æ÷ â÷á­® ¯®¢'ï§ ­¥ § ¯®­ïââï¬ «÷­÷©­®ù
§ «¥¦­®áâ÷ (­¥§ «¥¦­®áâ÷) ùù àï¤ª÷¢ ç¨ áâ®¢¯æ÷¢. ¨¦ç¥ à®§£«ï­ãâ¨©




a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .
am1 am2 . . . amn

¯®§­ ç¨¬® ùù àï¤ª¨ â ª¨¬ ç¨­®¬:
α1 = (a11, a12, . . . , a1n), α2 = (a21, a22, . . . , a2n), . . . , αm = (am1, am2, . . . , amn).
÷­÷©­÷  à¨ä¬¥â¨ç­÷ ®¯¥à æ÷ù ­ ¤ àï¤ª ¬¨ ¬ âà¨æ÷ (¬­®¦¥­­ï




1. λαk = (λ ak1, λ ak2, . . . , λ ak n).
2. αk + αp = (ak1, ak2, . . . , ak n) + (ap1, ap2, . . . , ap n) =
= (ak1 + ap1, ak2 + ap2, . . . , ak n + ap n)
¢¥¤¥­÷ ®¯¥à æ÷ù ­ ¤ àï¤ª ¬¨ ¬ îâì ¢« áâ¨¢®áâ÷, ïª÷ ¢¨¯«¨¢ îâì ÷§
¢« áâ¨¢®áâ¥© ¤®¤ ¢ ­­ï â  ¬­®¦¥­­ï ç¨á¥«:
α+β = β+α, (α+β)+γ = α+(β+γ), λ(α+β) = λα+λβ, (λ+δ)α = λα+δα.
ï¤®ª α ­ §¨¢ õâìáï «÷­÷©­®î ª®¬¡÷­ æ÷õî àï¤ª÷¢ α1, α2, . . . , αm ,
ïªé® ÷á­ãîâì â ª÷ ç¨á«  λ1, λ2, . . . , λm , é® ¢¨ª®­ãõâìáï à÷¢­÷áâì
α = λ1α1 + λ2α2 + · · ·+ λmαm.
¨áâ¥¬  àï¤ª÷¢ α1, α2, . . . , αm ­ §¨¢ õâìáï «÷­÷©­® § «¥¦­®î,
ïªé® ÷á­ãîâì ç¨á«  λ1, λ2, . . . , λm , ­¥ à÷¢­÷ ®¤­®ç á­® ­ã«î, ÷ â ª÷, é®
«÷­÷©­  ª®¬¡÷­ æ÷ï àï¤ª÷¢ ¤®à÷¢­îõ ­ã«ì®¢®¬ã àï¤ªã, â®¡â®
λ1α1 + λ2α2 + · · ·+ λmαm = Θ, Θ = (0, 0, . . . , 0).
÷­÷©­  § «¥¦­÷áâì àï¤ª÷¢ ®§­ ç õ, é® å®ç  ¡ ®¤¨­ àï¤®ª õ «÷­÷©­®î
ª®¬¡÷­ æ÷õî à¥èâ¨.
¨áâ¥¬  àï¤ª÷¢, ïª  ¬÷áâ¨âì ­ã«ì®¢¨© àï¤®ª | «÷­÷©­® § «¥¦­ .
¨áâ¥¬  àï¤ª÷¢ α1, α2, . . . , αm ­ §¨¢ õâìáï «÷­÷©­® ­¥§ «¥¦­®î,
ïªé® «÷­÷©­  ª®¬¡÷­ æ÷ï æ¨å àï¤ª÷¢ ¤®à÷¢­îõ ­ã«ì®¢®¬ã àï¤ªã â®¤÷ ÷
â÷«ìª¨ â®¤÷, ª®«¨ ¢á÷ ª®¥ä÷æ÷õ­â¨ ¤®à÷¢­îîâì ­ã«î, â®¡â® λ1 = λ2 =
· · · = λm = 0 .
 ­£®¬ á¨áâ¥¬¨ àï¤ª÷¢ ­ §¨¢ õâìáï ¬ ªá¨¬ «ì­  ª÷«ìª÷áâì «÷­÷©­®
­¥§ «¥¦­¨å á¥à¥¤ ­¨å.
 îâì ¬÷áæ¥ ­ áâã¯­÷ â¢¥à¤¦¥­­ï:




(ii)  §¨á­÷ àï¤ª¨ (áâ®¢¯æ÷) ¬ âà¨æ÷ «÷­÷©­® ­¥§ «¥¦­÷; ¡ã¤ì-ïª¨© àï¤®ª
(áâ®¢¯¥æì ¬ âà¨æ÷) õ «÷­÷©­®î ª®¬¡÷­ æ÷õî ¡ §¨á­¨å àï¤ª÷¢ (áâ®¢¯æ-
÷¢).
(iii)  ­£ á¨áâ¥¬¨ àï¤ª÷¢ ¬ âà¨æ÷ ÷ à ­£ á¨áâ¥¬÷ ùù áâ®¢¯æ÷¢ §¡÷£ îâìáï ÷
¤®à÷¢­îîâì à ­£ã ¬ âà¨æ÷.
(iv) ªé® ¢¨§­ ç­¨ª ª¢ ¤à â­®ù n×n ¬ âà¨æ÷ ¤®à÷¢­îõ ­ã«î, â® r(A) <
n .
2.4 ¡¥à­¥­  ¬ âà¨æï
¢ ¤à â­  ¬ âà¨æï ­ §¨¢ õâìáï ¢¨à®¤¦¥­®î  ¡® ®á®¡«¨¢®î, ïªé®
ùù ¢¨§­ ç­¨ª ∆(A) = 0 .  ¯à®â¨«¥¦­®¬ã ¢¨¯ ¤ªã ¬ âà¨æï ­ §¨¢ õâìáï
­¥¢¨à®¤¦¥­®î.
 âà¨æï A−1 ­ §¨¢ õâìáï ®¡¥à­¥­®î ¤® ª¢ ¤à â­®ù ¬ âà¨æ÷ A ,
ïªé® ¢®­  § ¤®¢®«ì­ïõ ã¬®¢ ¬
A−1A = AA−1 = E.
ö§ ®§­ ç¥­­ï ®¡¥à­¥­®ù ¬ âà¨æ÷ â  ¢« áâ¨¢®áâ÷ ¬­®¦¥­­ï ¢¨§­ ç­¨ª÷¢
¬ õ¬®
∆(A−1A) = ∆(A)∆(A−1) = ∆(E) = 1 6= 0.
â¦¥, ¬ âà¨æï A ¯®¢¨­­  ¡ãâ¨ ­¥¢¨à®¤¦¥­®î. «ï ¢¨à®¤¦¥­®ù ¬ âà¨æ÷
®¡¥à­¥­®ù ¬ âà¨æ÷ ­¥ ÷á­ãõ.
¥®à¥¬  2.4.1. ªé® A { ­¥¢¨à®¤¦¥­  ª¢ ¤à â­  ¬ âà¨æï ¯®àï¤ªã








A1 1 A2 1 . . . An 1
A1 2 A2 2 . . . An 2
. . . . . . . . . . . .






























¤¥ Ai j {  «£¥¡à ùç­÷ ¤®¯®¢­¥­­ï ¥«¥¬¥­â÷¢ aij ¬ âà¨æ÷ A ,   A {
¬ âà¨æï, ïª  ­ §¨¢ õâìáï ¢§ õ¬­®î (¯à¨õ¤­ ­®î) ¤® ¬ âà¨æ÷ A .





























®§¢'ï§ ­­ï. ¡ç¨á«îîç¨ ¢¨§­ ç­¨ª ¤ ­®ù ¬ âà¨æ÷, ¤÷áâ ­¥¬®
∆(A) = 5 . â¦¥, ¬ âà¨æï A−1 ÷á­ãõ. ­ å®¤¨¬®  «£¥¡à ùç­÷ ¤®¯®¢­¥­­ï
¤® ¥«¥¬¥­â÷¢ ¬ âà¨æ÷ â  à®§¬÷éãõ¬® ùå ã â®¬ã á ¬®¬ã ¯®àï¤ªã, é® © ã
¢§ õ¬­÷© ¬ âà¨æ÷:
A11 = (−1)2
∣∣∣∣∣ −1 11 1
∣∣∣∣∣ = −2, A21 = (−1)3
∣∣∣∣∣ −1 41 1
∣∣∣∣∣ = 5, A31 = (−1)4
∣∣∣∣∣ −1 4−1 1
∣∣∣∣∣ = 3,
A12 = (−1)3
∣∣∣∣∣ 3 1−2 1
∣∣∣∣∣ = −5, A22 = (−1)4
∣∣∣∣∣ 2 4−2 1
∣∣∣∣∣ = 10, A32 = (−1)5
∣∣∣∣∣ 2 43 1
∣∣∣∣∣ = 10,
A13 = (−1)4
∣∣∣∣∣ 3 −1−2 1
∣∣∣∣∣ = 1, A23 = (−1)5
∣∣∣∣∣ 2 −1−2 1
∣∣∣∣∣ = 0, A33 = (−1)6









































®§¢'ï§ ­­ï. ÷á«ï ¬­®¦¥­­ï ®¡®å ç áâ¨­ à÷¢­ï­­ï á¯à ¢  ­  A−1
®âà¨¬ õ¬®:
X = BA−1.
­ ©¤¥¬® A−1 : ∆(A) = 4 + 4 + 18− 3− 4− 24 = −5 ,
A11 = (−1)2
∣∣∣∣∣ 1 22 4
∣∣∣∣∣ = 0, A21 = (−1)3
∣∣∣∣∣ 2 32 4
∣∣∣∣∣ = −2, A31 = (−1)4
∣∣∣∣∣ 2 31 2
∣∣∣∣∣ = 1,
A12 = (−1)3
∣∣∣∣∣ 3 21 4
∣∣∣∣∣ = −10, A22 = (−1)4
∣∣∣∣∣ 1 31 4
∣∣∣∣∣ = 1, A32 = (−1)5
∣∣∣∣∣ 1 33 2
∣∣∣∣∣ = 7,
A13 = (−1)4
∣∣∣∣∣ 3 11 2
∣∣∣∣∣ = 5, A23 = (−1)5
∣∣∣∣∣ 1 21 2
∣∣∣∣∣ = 0, A33 = (−1)6





























®§£«ï­ãâ÷ ¢¨é¥ § ¢¤ ­­ï ¬ îâì §  ¬¥âã ­¥ â÷«ìª¨ á¯à¨ïâ¨ ­¥ä®à-
¬ «ì­®¬ã ®¯ ­ã¢ ­­î ¢¨ª« ¤¥­®£® â¥®à¥â¨ç­®£® ¬ â¥à÷ «ã,  «¥ â ª®¦
®§­ ©®¬¨â¨ ç¨â ç  § à÷¢­¥¬ áª« ¤­®áâ÷ â  à÷§­¨¬¨ ¬¥â®¤ ¬¨ à®§¢'ï§ ­­ï
§ ¢¤ ­ì, ïª÷ ¡ã«¨ § ¯à®¯®­®¢ ­÷ ­  áâã¤¥­âáìª¨å ®«÷¬¯÷ ¤ å à÷§­®£®
à÷¢­ï.
2.5 ¡¥àâ ­­ï ¬ âà¨æì, à®§¡¨â¨å ­  ¡«®ª¨
¥å © M | ª¢ ¤à â­  ¬ âà¨æï, ïª  à®§¡¨â  ­  ¡«®ª¨ â ª¨¬ ç¨­®¬,















M ·M−1 = M−1 ·M = E.













¨ª®­ ¢è¨ ¬­®¦¥­­ï, ®âà¨¬ õ¬® â ª÷ á¯÷¢¢÷¤­®è¥­­ï:
AX + CY = E, (2.12)
AZ + CW = Θ, (2.13)
BX +DY = Θ, (2.14)
BZ +DW = E. (2.15)
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÷§ ïª®ù ¢¨¤­®, é® § «¥¦­÷áâì ¬÷¦ â¨¬¨ ¦ ¡«®ª ¬¨ ¤ îâì â ª÷ à÷¢­®áâ÷:
XA+ ZB = E, (2.17)
XC + ZD = Θ, (2.18)
Y A+WB = Θ, (2.19)
Y C +WD = E. (2.20)
¥å © ¡«®ª A | ­¥¢¨à®¤¦¥­  ª¢ ¤à â­  ¬ âà¨æï, ã ïª®ù ∆(A) 6=
0. ®¤÷ áª®à¨áâ ¢è¨áì á¯÷¢¢÷¤­®è¥­­ï¬¨ (2.13), (2.15), (2.17), (2.19) i
¢¨ª®­ ¢è¨ ­¥®¡å÷¤­÷ ¯¥à¥â¢®à¥­­ï, ¬®¦­  ®âà¨¬ â¨ ¢¨à §¨ ¤«ï §­ å®¤-
¦¥­­ï ¡«®ª÷¢ ¬ âà¨æ÷ M−1 ç¥à¥§ ¡«®ª¨ § ¤ ­®ù ¬ âà¨æ÷ M .
÷á«ï ¬­®¦¥­­ï ¢¨à §ã (2.13) §«÷¢  ­  A−1 ®âà¨¬ õ¬®:
A−1AZ + A−1CW = Θ.
¢÷¤á¨ §­ å®¤¨¬®, é®
Z = −A−1CW. (2.21)
÷¤áâ ¢«ïîç¨ ¢¨à § (2.21) ¢ à÷¢­÷áâì (2.15), ®âà¨¬ õ¬®
−BA−1CW +DW = E,
(D −BA−1C)W = E,
W = (D −BA−1C)−1, (2.22)
â®¡â® èãª ­¨© ¡«®ª W ®¡¥à­¥­où ¬ âà¨æ÷ M−1 ï¢­® ¢¨à ¦¥­¨© ç¥à¥§
¡«®ª¨ ¢÷¤®¬®ù ¬ âà¨æ÷ M .
¢  ÷­è¨å ¡«®ª¨ §­ å®¤¨¬®  ­ «®£÷ç­®. ®¬­®¦¨¢è¨ á¯÷¢¢÷¤­®è¥­-
­ï (2.19) á¯à ¢  ­  A−1 , ®âà¨¬ãõ¬® ¡«®ª Y , â®¡â®
Y = −WBA−1. (2.23)
32
32
 «÷, ¯÷á«ï ¬­®¦¥­­ï à÷¢­®áâ÷ (2.17) ­  A−1 á¯à ¢  §­ å®¤¨¬® ¡«®ª X :
X = A−1 − ZBA−1. (2.24)
â¦¥, §  äoà¬ã« ¬¨ (2.21) { (2.24) ¬®¦­  §­ ©â¨ ¢á÷ ¡«®ª¨ èãª ­®ù
¬ âà¨æ÷ M−1 .
2.6 à®­¥ª¥à®¢÷ ¤®¡ãâ®ª ÷ áã¬  ¬ âà¨æì
®¡ãâª®¬ à®­¥ª¥à  (¯àï¬¨¬ ¤®¡ãâª®¬) ¤¢®å ¬ âà¨æì A â  B ,
¤¥ A = (Ai j)m×n ÷ B = (Bi j)k×l , ­ §¨¢ õâìáï ¡«®ç­  ¬ âà¨æï A ⊗ B
à®§¬÷à®¬ km× ln :
A⊗B =

a11B a12B . . . a1nB
a21B a22B . . . a2nB
. . . . . . . . . . . .
am1B am2B . . . amnB
 .
« áâ¨¢®áâ÷ ¤®¡ãâªã à®­¥ª¥à :
a) ïªé® A i B | ­¥¢¨à®¤¦¥­÷ ¬ âà¨æ÷, â®
(A⊗B)−1 = A−1 ⊗B−1;
¡) ïªé® A i B | ª¢ ¤à â­÷ ¬ âà¨æ÷ ¢÷¤¯®¢÷¤­® m -£® ÷ n -£® ¯®àï¤ª÷¢,
â® |A⊗B| = |A|m|B|n ;
¢) (A⊗B)T = AT ⊗BT ;
£) tr (A⊗B) = tr(A)tr(B) , ¤¥ tr(A) | á«÷¤ ¬ âà¨æ÷ A , â®¡â® áã¬ 
¥«¥¬¥­â÷¢ ª¢ ¤à â­®ù ¬ âà¨æ÷, ïª÷ áâ®ïâì ­  ùù £®«®¢­÷© ¤÷ £®­ «÷.
à®­¥ª¥à®¢®î áã¬®î ª¢ ¤à â­¨å ¬ âà¨æì A i B n -£® ÷ m -£® ¯®-
àï¤ª÷¢ ¢÷¤¯®¢÷¤­® ­ §¨¢ õâìáï ª¢ ¤à â­  ¬ âà¨æï mn -£® ¯®àï¤ªã, â®¡â®
A⊕B = (Em ⊗ A+B ⊗ En) ,
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¤¥ Em , En | ®¤¨­¨ç­÷ ¬ âà¨æ÷ ¢÷¤¯®¢÷¤­¨å ¯®àï¤ª÷¢.

















­ ©â¨ A⊗B ÷ A⊕ C .

























2 3 0 6 9 0
0 4 5 0 12 15
10 15 0 14 21 0
0 20 25 0 28 35

,



































































































1 3 0 0 0 0
5 7 0 0 0 0
0 0 1 3 0 0
0 0 5 7 0 0
0 0 0 0 1 3




1 2 0 0 0 0
3 2 −1 0 0 0
0 4 2 0 0 0
0 0 0 1 2 0
0 0 0 3 2 −1





2 5 0 0 0 0
8 9 −1 0 0 0
0 4 3 3 0 0
0 0 5 8 2 0
0 0 0 3 3 2








¨áâ¥¬  § m «÷­÷©­¨å à÷¢­ï­ì § n ­¥¢÷¤®¬¨¬¨ ¬ õ â ª¨© ¢¨£«ï¤:
a11x1 + a12x2 + · · ·+ a1nxn = b1,
a21x1 + a22x2 + · · ·+ a2nxn = b2,
. . . . . . . . . . . . . . .
am1x1 + am2x2 + · · ·+ amnxn = bm.
(3.1)
¨á«  aij , bi ( i = 1, 2, . . . ,m; j = 1, 2, . . . , n ) ­ §¨¢ îâìáï ¢÷¤¯®¢÷¤­®
ª®¥ä÷æ÷õ­â ¬¨ á¨áâ¥¬¨ ÷ ¢÷«ì­¨¬¨ ç«¥­ ¬¨. ®¥ä÷æ÷õ­â¨ aij ¯à¨
­¥¢÷¤®¬¨å ¬ îâì ¤¢  ÷­¤¥ªá¨, ¤¥ i | ­®¬¥à à÷¢­ï­­ï, ã ïª®¬ã ¬÷áâ¨âìáï
æ¥© ª®¥ä÷æ÷õ­â,   j | ­®¬¥à ­¥¢÷¤®¬®£®, ¯à¨ ïª®¬ã ©®£® § ¯¨á ­®.
÷«ìª÷áâì à÷¢­ï­ì m ¬®¦¥ ¡ãâ¨ ¡÷«ìè¥, ¬¥­è¥  ¡® ¤®à÷¢­î¢ â¨
ª÷«ìª®áâ÷ ­¥¢÷¤®¬¨å n .
¨áâ¥¬  (3.1) ­ §¨¢ õâìáï ®¤­®à÷¤­®î, ïªé® ¢á÷ ¢÷«ì­÷ ç«¥­¨ ¤®à÷¢-
­îîâì ­ã«î.
®§¢'ï§ª®¬ á¨áâ¥¬¨ (3.1) ­ §¨¢ õâìáï áãªã¯­÷áâì ç¨á¥«
(α1, α2, . . . , αn) , ïªé® ¯à¨ ¯÷¤áâ ­®¢æ÷ ùå ã à÷¢­ï­­ï á¨áâ¥¬¨ § ¬÷áâì
¢÷¤¯®¢÷¤­¨å ­¥¢÷¤®¬¨å, æ÷ à÷¢­ï­­ï ¯¥à¥â¢®àîîâìáï ­  â®â®¦­®áâ÷.
¨áâ¥¬ , é® ¬ õ à®§¢'ï§ª¨, ­ §¨¢ õâìáï áã¬÷á­®î; á¨áâ¥¬ , é® ­¥ ¬ õ
¦®¤­®£® à®§¢'ï§ªã | ­¥áã¬÷á­®î. ¨áâ¥¬ , é® ¬ õ õ¤¨­¨© à®§¢'ï§®ª
­ §¨¢ õâìáï ¢¨§­ ç¥­®î,   ïªé® à®§¢'ï§ª÷¢ ¡÷«ìè¥ ­÷¦ ®¤¨­ | ­¥¢¨-
§­ ç¥­®î. ªé® á¨áâ¥¬  ­¥¢¨§­ ç¥­ , â® ª®¦¥­ ùù à®§¢'ï§®ª ­ §¨¢ õâìáï
36
36
ç áâ¨­­¨¬ à®§¢'ï§ª®¬ á¨áâ¥¬¨. ­®¦¨­  ¢á÷å ç áâ¨­­¨å à®§¢'ï§ª÷¢
á¨áâ¥¬¨ ­ §¨¢ õâìáï § £ «ì­¨¬ à®§¢'ï§ª®¬.
¢÷ á¨áâ¥¬¨ à÷¢­ï­ì ­ §¨¢ îâìáï à÷¢­®á¨«ì­¨¬¨ (¥ª¢÷¢ «¥­â­¨¬¨),




a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .
am1 am2 . . . amn
 i Ã =

a11 a12 . . . a1n | b1
a21 a22 . . . a2n | b2
. . . . . . . . . . . . . . .
am1 am2 . . . amn | bm

¢÷¤¯®¢÷¤­® ­ §¨¢ îâìáï ®á­®¢­®î ÷ à®§è¨à¥­®î ¬ âà¨æï¬¨ á¨áâ¥¬¨ (3.1).
á­®¢­  ¬ âà¨æï á¨áâ¥¬¨ ¬ õ m àï¤ª÷¢ ÷ n áâ®¢¯æ÷¢,   à®§è¨à¥­  |
¬÷áâ¨âì m àï¤ª÷¢ ÷ n+ 1 áâ®¢¯æ÷¢.
3.2 à ¢¨«® à ¬¥à 
®§£«ï­¥¬® á¨áâ¥¬ã n «÷­÷©­¨å à÷¢­ï­ì § n ­¥¢÷¤®¬¨¬¨
a11x1 + a12x2 + · · ·+ a1nxn = b1,
a21x1 + a22x2 + · · ·+ a2nxn = b2,
. . . . . . . . . . . . . . .





a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .




b1 a12 . . . a1n
b2 a22 . . . a2n
. . . . . . . . . . . .
bn an2 . . . ann
∣∣∣∣∣∣∣∣∣∣
, . . . ,∆n =
∣∣∣∣∣∣∣∣∣∣
a11 a12 . . . b1
a21 a22 . . . b2
. . . . . . . . . . . .
an1 an2 . . . bn
∣∣∣∣∣∣∣∣∣∣
,
¤¥ ∆ | ¢¨§­ ç­¨ª á¨áâ¥¬¨, ∆i(i = 1, 2, . . . , n) | ¢¨§­ ç­¨ª¨, ®âà¨¬ ­÷




¥®à¥¬  3.2.1. ªé® ¢¨§­ ç­¨ª á¨áâ¥¬¨ ∆ 6= 0 , â® á¨áâ¥¬  ¬ õ




, (i = 1, 2, . . . , n),
ïª÷ ­ §¨¢ îâìáï ä®à¬ã« ¬¨ à ¬¥à .
à¨ª« ¤ 3.1. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì
x1 + 4x2 + 3x3 = 3,
3x1 + 2x2 + x3 = 3,
2x1 + x2 + 2x3 = 5.






∣∣∣∣∣∣∣∣ = 4 + 9 + 8− 12− 1− 24 = −16.
áª÷«ìª¨ ∆ = −16 6= 0 , â® á¨áâ¥¬  ¬ õ õ¤¨­¨© à®§¢'ï§®ª, ïª¨© §­ ©¤¥¬®






















= 1, x2 =
∆2
∆







¥å © §­®¢ã § ¤ ­  á¨áâ¥¬  ¢¨£«ï¤ã (3.2).  ªã á¨áâ¥¬ã §àãç­® § ¯¨-
áã¢ â¨ ¢ ª®¬¯ ªâ­÷© ¬ âà¨ç­÷© ä®à¬÷
AX = B, (3.3)
¤¥ A =

a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .
an1 an2 . . . ann














¢¥ªâ®à-áâ®¢¯¥æì § ¢÷«ì­¨å ç«¥­÷¢ bi . ®¡ãâ®ª AX ¢¨§­ ç¥­® ª®à¥ªâ­®,
¡® ¢ ¬ âà¨æ÷ A áâ®¢¯æ÷¢ áâ÷«ìª¨ ¦, áª÷«ìª¨ àï¤ª÷¢ ã ¬ âà¨æ÷ X .
à¨¯ãáâ¨¬®, é® ¬ âà¨æï A ­¥¢¨à®¤¦¥­ , â®¡â® ∆(A) 6= 0 . ®¤÷
÷á­ãõ ¬ âà¨æï A−1 . ª®à¨áâ õ¬®áï æ¨¬ ¤«ï à®§¢'ï§ ­­ï ¬ âà¨ç­®£®
à÷¢­ï­­ï (3.3). ®¬­®¦¨¬® ©®£® §«÷¢  ­  A−1 :
A−1AX = A−1B.
áª÷«ìª¨ A−1A = E , EX = X , â® ¬ õ ¬÷áæ¥ à÷¢­÷áâì
X = A−1B.
¥© ¢¨à §, ®âà¨¬ ­¨© ¤«ï X , ¤÷©á­® õ à®§¢'ï§ª®¬ à÷¢­ï­­ï (3.3), ¡®
AA−1B = B.
à¨ª« ¤ 3.2. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì
x1 + 4x2 + 3x3 = 3,
3x1 + 2x2 + x3 = 3,




















÷ ¯¥à¥¯¨è¥¬® § ¤ ­ã á¨áâ¥¬ã ã ä®à¬÷ AX = B . ®¤÷
X = A−1B.






∣∣∣∣∣∣∣∣ = −16 6= 0,
A11 = (−1)2
∣∣∣∣∣ 2 11 2
∣∣∣∣∣ = 3, A12 = (−1)3
∣∣∣∣∣ 3 12 2
∣∣∣∣∣ = −4, A13 = (−1)4
∣∣∣∣∣ 3 22 1
∣∣∣∣∣ = −1,
A21 = (−1)3
∣∣∣∣∣ 4 33 2
∣∣∣∣∣ = −5, A22 = (−1)4
∣∣∣∣∣ 1 32 2
∣∣∣∣∣ = −4, A23 = (−1)5
∣∣∣∣∣ 1 42 1
∣∣∣∣∣ = 7,
A31 = (−1)4
∣∣∣∣∣ 4 32 1
∣∣∣∣∣ = −2, A32 = (−1)5
∣∣∣∣∣ 1 33 1
∣∣∣∣∣ = 8, A33 = (−1)6





































â®¡â® x1 = 1, x2 = −1, x3 = 2.
3.4 ¥â®¤  ãáá 
®§£«ï­¥¬® á¨áâ¥¬ã (3.1). «¥¬¥­â à­¨¬¨ ¯¥à¥â¢®à¥­­ï¬¨ á¨-
áâ¥¬¨ ­ §¨¢ õâìáï: ¯¥à¥áâ ¢«¥­­ï à÷¢­ï­ì, ¬­®¦¥­­ï ®¡®å ç áâ¨­
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à÷¢­ï­­ï ­  ®¤­¥ ÷ â¥ á ¬¥ ç¨á«®, ¤®¤ ¢ ­­ï ¤® ®¡®å ç áâ¨­ ïª®£®-­¥¡ã¤ì
à÷¢­ï­­ï ¢÷¤¯®¢÷¤­¨å ç áâ¨­ ÷­è®£® à÷¢­ï­­ï á¨áâ¥¬¨, ¯®¬­®¦¥­®£® ­ 
¤®¢÷«ì­¥ ç¨á«®.
®à¬ã«¨ à ¬¥à  ÷ ¬ âà¨ç­¨© ¬¥â®¤ ¬ îâì ¢¥«¨ª¥ â¥®à¥â¨ç­¥
§­ ç¥­­ï,  «¥ ùå ¯à ªâ¨ç­¥ §­ ç¥­­ï ®¡¬¥¦¥­¥ ç¥à¥§ £à®¬÷§¤ª÷ ®¡ç¨-
á«¥­­ï. ®¬ã ¯à¨ à®§¢'ï§ ­­÷ á¨áâ¥¬ «÷­÷©­¨å à÷¢­ï­ì § ¢¥«¨ª®î ª÷«ìª÷-
áâî ­¥¢÷¤®¬¨å ¡÷«ìè ¥ä¥ªâ¨¢­¨¬¨ õ ¬¥â®¤¨, ¯®¢'ï§ ­÷ § ¯®á«÷¤®¢­¨¬
¢¨ª«îç¥­­ï¬ §¬÷­­¨å. ¤­¨¬ § â ª¨å ¬¥â®¤÷¢ õ ¬¥â®¤  ãáá , ïª¨©
¯®«ï£ õ ¢ â®¬ã, é® §  ¤®¯®¬®£®î ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì § ¤ ­  á¨-
áâ¥¬  à÷¢­ï­ì §¢®¤¨âìáï ¤® ¥ª¢÷¢ «¥­â­®ù á¨áâ¥¬¨ ¡÷«ìè ¯à®áâ®£® ¢¨-
£«ï¤ã: âà ¯¥æ÷õ¯®¤÷¡­®ù ç¨ âà¨ªãâ­®ù ä®à¬¨.
à¨ª« ¤ 3.3. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì
x1 + 3x2 + x3 + 2x4 = 2,
3x1 + 9x2 + 3x3 + 5x4 = 8,
2x1 + 3x2 + 3x3 + 2x4 = 1,
4x1 + x2 − 4x3 + 3x4 = 4.
®§¢'ï§ ­­ï. ª« ¤¥¬® à®§è¨à¥­ã ¬ âà¨æî § ¤ ­®ù á¨áâ¥¬¨ ÷
¢¨ª®­ õ¬® â ª÷ ¥«¥¬¥­â à­÷ ¯¥à¥â¢®à¥­­ï: á¯®ç âªã ¯¥àè¨© àï¤®ª,
¯®¬­®¦¥­¨© ¢÷¤¯®¢÷¤­® ­  3, 2, 4, ¢÷¤­÷¬¥¬® ¢÷¤¯®¢÷¤­® ¢÷¤ ¤àã£®£®, âà¥-
âì®£® ÷ ç¥â¢¥àâ®£® àï¤ª÷¢; ¯®â÷¬ ¯¥à¥áâ ¢¨¬® ¤àã£¨© ÷ ç¥â¢¥àâ¨© àï¤ª¨ ÷
¯÷á«ï ®ç¥¢¨¤­¨å ¯¥à¥â¢®à¥­ì ®âà¨¬ õ¬®
1 3 1 2 | 2
3 9 3 5 | 8
2 3 3 2 | 1
4 1 −4 3 | 4
 ∼

1 3 1 2 | 2
0 0 0 −1 | 2
0 −3 1 −2 | − 3






1 3 1 2 | 2
0 −11 −8 −5 | − 4
0 −3 1 −2 | − 3
0 0 0 −1 | 2
 ∼

1 3 1 2 | 2
0 −11 −8 −5 | − 4





0 0 0 −1 | 2
 .
â¦¥, § ¤ ­  á¨áâ¥¬  à÷¢­ï­ì ¥ª¢÷¢ «¥­â­  á¨áâ¥¬÷
x1 + 3x2 + x3 + 2x4 = 2,
−11x2 − 8x3 − 5x4 = −4,
35x3 − 7x4 = −21,
−x4 = 2.
 æ÷õù á¨áâ¥¬¨ ¯®á«÷¤®¢­® §­ å®¤¨¬® (§¢®à®â­¨© å÷¤)






4.1 ¯¥à æ÷ù ­ ¤ ¬ âà¨æï¬¨
à¨ª« ¤ 4.1. ­ ©â¨ ¢á÷ ¬ âà¨æ÷ ¤àã£®£® ¯®àï¤ªã § ­¥­ã«ì®¢¨¬¨
¥«¥¬¥­â ¬¨, ª¢ ¤à â ïª¨å ¤®à÷¢­îõ ­ã«ì®¢÷© ¬ âà¨æ÷.





{ èãª ­  ¬ âà¨æï, â®¤÷
A2 =
(
a2 + bc ab+ bd
ac+ dc bc+ d2
)
. ¢÷¤á¨ â  § ã¬®¢¨ § ¤ ç÷ ®âà¨¬ õ¬® á¨áâ¥¬ã
à÷¢­ï­ì: 
a2 + bc = 0,
ab+ bd = 0,
ac+ dc = 0,
bc+ d2 = 0.
⇐⇒

a2 + bc = 0,
b(a+ d) = 0,
c(a+ d) = 0,
bc+ d2 = 0.
áª÷«ìª¨, §  ã¬®¢®î b 6= 0 ÷ c 6= 0 , â® § ¤àã£®£® ÷ âà¥âì®£® à÷¢­ï­ì











+ (−a)2 ≡ 0,
â®¡â® c ¬®¦¥ ¡ãâ¨ ¡ã¤ì-ïª¨¬ ­¥­ã«ì®¢¨¬ ç¨á«®¬. â¦¥, ãá÷ èãª ­÷
¬ âà¨æ÷ ¬ îâì ¢¨£«ï¤ A =
 a −a2c
c −a
 , ¤¥ a ∈ R \ {0} .
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à¨ª« ¤ 4.2. ¯à®áâ¨â¨ ¬ âà¨ç­¨© ¢¨à §
(2E − A)−1 + (E + A)−1 − 3(2E + A− A2)−1,
¤¥ A { ª¢ ¤à â­  ¬ âà¨æï ¯®àï¤ªã n , A−1 { ®¡¥à­¥­  ¬ âà¨æï ¤®
¬ âà¨æ÷ A .
®§¢'ï§ ­­ï. à å®¢ãîç¨, é®
(2E + A− A2) = (E + A)(2E − A) = (2E − A)(E + A),
¬ õ¬®
(2E + A− A2)−1 = (E + A)−1(2E − A)−1 = (2E − A)−1(E + A)−1.
®¤÷
(2E − A)−1 + (E + A)−1 − 3(2E + A− A2)−1 =
=(E + A)(E + A)−1(2E − A)−1 + (2E − A)(2E − A)−1(E + A)−1−
−3(2E − A)−1(E + A)−1 = (E + A+ 2E − A− 3E)(2E − A)−1(E + A)−1 =
=Θ(2E − A)−1(E + A)−1 = Θ,
¤¥ Θ { ­ã«ì®¢  ¬ âà¨æï ¯®àï¤ªã n .
à¨ª« ¤ 4.3. ¥å © A i B { ª¢ ¤à â­÷ ¬ âà¨æ÷ ¯®àï¤ªã n ,   E
{ ®¤¨­¨ç­  ¬ âà¨æï â®£® ¦ ¯®àï¤ªã. ÷¤®¬®, é® ÷á­ãõ ®¡¥à­¥­  ¬ âà¨æï
¤® ¬ âà¨æ÷ C = E+AB . ®¢¥áâ¨, é® ÷á­ãõ ®¡¥à­¥­  ¬ âà¨æï ¤® ¬ âà¨æ÷
D = E +BA .
®§¢'ï§ ­­ï. ®§­ ç¨¬® ç¥à¥§ C−1 ¬ âà¨æî, ®¡¥à­¥­ã ¤® ¬ âà¨æ÷
C . ®¤÷
D = E +BA = E +BCC−1A = E +B(E + AB)C−1A =
= E +BC−1A+BABC−1A = E + (E +BA)BC−1A = E +DBC−1A,
â®¡â® D = E+DBC−1A  ¡® D(E−BC−1A) = E . áª÷«ìª¨,  ­ «®£÷ç­®
D = E +BA = E +BC−1CA = E +BC−1(E + AB)A =
= E +BC−1A+BC−1ABA = E +BC−1AD,
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â® æ¥ ®§­ ç õ, é® E + BC−1A = D−1 , â®¡â® ¬ âà¨æï D ¬ õ ®¡¥à­¥­ã
¬ âà¨æî, é® ÷ âà¥¡  ¡ã«® ¤®¢¥áâ¨.






¬­®£®ç«¥­  P (x) = x3 − 6x2 + 8x− 9 .



















































































é® ÷ âà¥¡  ¡ã«® ¤®¢¥áâ¨.
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4.2  âà¨ç­÷ à÷¢­ï­­ï ÷ á¨áâ¥¬¨
à¨ª« ¤ 4.5. ®§¢'ï§ â¨ ¬ âà¨ç­¥ à÷¢­ï­­ï
AX +XA+X = A,
¤¥ A { § ¤ ­  ª¢ ¤à â­  ¬ âà¨æï, ª¢ ¤à â ïª®ù õ ®¤¨­¨ç­®î ¬ âà¨æ¥î,
â®¡â® A2 = E .
®§¢'ï§ ­­ï. ®¬­®¦¨¬® § ¤ ­¥ à÷¢­ï­­ï §«÷¢  ÷ á¯à ¢  ­  A :{
A2X + AXA+ AX = A2,
AXA+XA2 +XA = A2,
=⇒
{
X + AXA+ AX = E,
X + AXA+XA = E,
=⇒ AX = XA.
®¤÷ ¢¨å÷¤­¥ à÷¢­ï­­ï ­ ¡ã¢ õ ¢¨£«ï¤ã
2AX +X = A.
®¬­®¦¨¬® ©®£® §«÷¢  ­  2A :






































à¨ª« ¤ 4.6. ®¢¥áâ¨, é® ¬ âà¨ç­¥ à÷¢­ï­­ï










®¢¥¤¥­­ï.  § ¤ ­®¬ã à÷¢­ï­­÷ §à®¡¨¬® ®ç¥¢¨¤­÷ ¯¥à¥â¢®à¥­­ï:
X2 + 6EX + 9E2 − 9E2 + A = Θ,
(X + 3E)2 = 9E − A,
(∆(X + 3E))2 = ∆(9E − A).
áª÷«ìª¨
















â® ∆(9E − A) = −12 < 0 ,   ∆2(X + 3E) ≥ 0 . â¦¥, § ¤ ­¥ à÷¢­ï­­ï
¤÷©á­® ­¥ ¬ õ à®§¢'ï§ª÷¢ ­  ª« á÷ ª¢ ¤à â­¨å ¬ âà¨æì § ¤÷©á­¨¬¨ ª®¥ä÷-
æ÷õ­â ¬¨.
à¨ª« ¤ 4.7. ¨ ¬ õ à®§¢'ï§®ª à÷¢­ï­­ï
X3 −X2 −X = 2A,
ïªé® A { ª¢ ¤à â­  ¬ âà¨æï â ªa, é® A4 = Θ .
®§¢'ï§ ­­ï. ®§¢'ï§®ª ¡ã¤¥¬® èãª â¨ ¢ â ª®¬ã ¢¨£«ï¤÷:
X = αA3 + βA2 + γA.
áª÷«ìª¨ A4 = Θ , â®
X2 = γ2A2 + 2βγA3, X3 = (γ2A2 + 2βγA3)(αA3 + βA2 + γA) = γ3A3.
®¤÷, ¯÷¤áâ ¢«ïîç¨ §­ ç¥­­ï X , X2 , X3 ¢ § ¤ ­¥ à÷¢­ï­­ï, ¤÷áâ ­¥¬®
(γ3 − 2βγ − α)A3 − (γ2 + β)A2 − γA = 2A,
§¢÷¤ª¨, ¯à¨à÷¢­îîç¨ ª®¥ä÷æ÷õ­â¨ ¯à¨ ¢÷¤¯®¢÷¤­¨å áâ¥¯¥­ïå ¬ âà¨æ÷ A ¢
«÷¢÷© ÷ ¯à ¢÷© ç áâ¨­ å à÷¢­®áâ÷, §­ å®¤¨¬® α = −24 , β = −4 , γ = −2 .
â¦¥,
X = −24A3 − 4A2 − 2A.
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¥à¥¢÷àª : ¯÷¤áâ ¢¨¬® §­ ç¥­­ï X , X2 = 16A3 + 4A2 , X3 = −8A3 ¢
§ ¤ ­¥ ¬ âà¨ç­¥ à÷¢­ï­­ï.  õ¬®
X3 −X2 −X = −8A3 − 16A3 − 4A2 + 24A3 + 4A2 + 2A = 2A,
â®¡â® ¬ âà¨æï X = −24A3 − 4A2 − 2A ¤÷©á­® õ à®§¢'ï§ª®¬ § ¤ ­®£®
à÷¢­ï­­ï.
à¨ª« ¤ 4.8. ®§¢'ï§ â¨ ¬ âà¨ç­¥ à÷¢­ï­­ï
X +BX +XB = A,
¤¥ A i B { ¬ âà¨æ÷ à®§¬÷à®¬ n× n , ¯à¨ç®¬ã B2 = Θ .
®§¢'ï§ ­­ï. ®¬­®¦¨¬® ®¡¨¤¢÷ ç áâ¨­¨ à÷¢­ï­­ï ­  B §«÷¢  ÷ ­ 
(E −B) á¯à ¢ .  õ¬®
B(X +BX +XB)(E −B) = BA(E −B);
B(X +BX +XB)(E −B) = BA−BAB;
B(BX +X(B + E))(E −B) = BA−BAB;
BX(E2 −B2) = BA−BAB =⇒ BX = BA−BAB.
 «÷ § ¢¨å÷¤­®£® à÷¢­ï­­ï ¢¨ª«îç¨¬® BX :
X +XB = A−BA+BAB.
®¬­®¦¨¢è¨ ®¡¨¤¢÷ ç áâ¨­¨ ®¤¥à¦ ­®£® à÷¢­ï­­ï ­  (E − B) á¯à ¢ ,
§­ å®¤¨¬®
X(E +B)(E −B) = (A−BA+BAB)(E −B);
X = A− AB −BA+ 2BAB.
à®¡¨¬® ¯¥à¥¢÷àªã:
X +BX +XB =
=A− AB −BA+ 2BAB +B(A− AB −BA+ 2BAB)+
48
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+(A− AB −BA+ 2BAB)B = A− AB −BA+ 2BAB+
+BA−BAB −B2A+ 2B2AB + AB − AB2 −BAB+
+2BAB2 = A.
¥à¥¢÷àª  ¯®ª § « , é® §­ ©¤¥­  ¬ âà¨æï X § ¤®¢®«ì­ïõ § ¤ ­¥
à÷¢­ï­­ï.
à¨ª« ¤ 4.9. ­ ©â¨ ¢á÷ §­ ç¥­­ï ¯ à ¬¥âà  α , ¯à¨ ïª¨å ¬ âà¨ç-







1 + α 0
1 1 + α
)
,
¬ õ à®§¢'ï§®ª. ­ ©â¨ ¢á÷ ¬®¦«¨¢÷ à®§¢'ï§ª¨.
®§¢'ï§ ­­ï.  § ¤ ­®¬ã à÷¢­ï­­÷ ¢¨ª®­ õ¬® ®ç¥¢¨¤­÷ ¯¥à¥â¢®à¥­-
­ï:
(A+ αE)X = B =⇒ A1X = B, ¤¥ A1 =
(
1 + α 0
−1 2 + α
)
.
áª÷«ìª¨ ∆(A1) = (1 + α)(2 + α) 6= 0 ¯à¨ α 6= −2 i α 6= −1 , â®
A−11 =
1
(2 + α)(1 + α)
(
2 + α 0
1 1 + α
)
.
 «÷, ¯®¬­®¦¨¢è¨ ®¡¨¤¢÷ ç áâ¨­¨ à÷¢­ï­­ï A1X = B §«÷¢  ­  A−11 ,
¤÷áâ ­¥¬® X = A−11 B , â®¡â®
X =
1
(2 + α)(1 + α)
(
2 + α 0
1 1 + α
)(
1 + α 0





(2 + α)(1 + α)
(
(2 + α)(1 + α) 0







2 + α 0
2 (1 + α)
)
.
à¨ α 6= −2 æ¥ õ¤¨­¨© à®§¢'ï§®ª. à¨ α = −1 ¬ õ¬® ∆(A1) = 0 ,
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1 + a b
)
, ¤¥ a, b ∈ R .
à¨ª« ¤ 4.10. ¥å © A , B , C , D { ª¢ ¤à â­÷ ¬ âà¨æ÷ ®¤­®£®
à®§¬÷àã, ¯à¨ç®¬ã ¬ âà¨æ÷ A + B , A − B { ­¥¢¨à®¤¦¥­÷. ®§¢'ï§ â¨
á¨áâ¥¬ã ¬ âà¨ç­¨å à÷¢­ï­ì{
AX +BY = C,
BX + AY = D
¢÷¤­®á­® ª¢ ¤à â­¨å ¬ âà¨æì X , Y .
®§¢'ï§ ­­ï.  ¤ ­  á¨áâ¥¬  à÷¢­®á¨«ì­  â ª÷©:{
(A+B)(X + Y ) = C +D,
(A−B)(X − Y ) = C −D,
=⇒
{
(X + Y ) = (A+B)−1(C +D),













(A+B)−1(C +D)− (A−B)−1(C −D)
)
.
4.3 ¥â®¤¨ ®¡ç¨á«¥­­ï An
1. ¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù
¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù § áâ®á®¢ãîâì ã â¨å ¢¨¯ ¤ª å, ª®«¨ âà¥-
¡  ¤®¢¥áâ¨, é® ¤¥ïª÷ â¢¥à¤¦¥­­ï á¯à ¢¥¤«¨¢÷ ¤«ï ¡ã¤ì-ïª®£® ç¨-
á«  n .  â ª¨å ¢¨¯ ¤ª å ¤®áâ â­ì® ¯¥à¥¢÷à¨â¨ á¯à ¢¥¤«¨¢÷áâì æì®£®
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â¢¥à¤¦¥­­ï ¤«ï n = 1 (¡ §  ÷­¤ãªæ÷ù) ÷ ¤®¢¥áâ¨ ¤«ï ¡ã¤ì-ïª®£® ­ âã-
à «ì­®£® ç¨á«  k , é® ÷§ á¯à ¢¥¤«¨¢®áâ÷ â¢¥à¤¦¥­­ï ¯à¨ n = k (¯à¨-
¯ãé¥­­ï ÷­¤ãªæ÷ù) ¢¨¯«¨¢ õ, é® â¢¥à¤¦¥­­ï ÷áâ¨­­¥ ¤«ï n = k + 1
(÷­¤ãªæ÷©­¨© ¯¥à¥å÷¤).






®§¢'ï§ ­­ï. ­ ©¤¥¬® ¤¥ª÷«ìª  ¯¥àè¨å áâ¥¯¥­¥© ¬ âà¨æ÷: A2 , A3












cos2 ϕ− sin2 ϕ −2 sinϕ cosϕ




cos 2ϕ − sin 2ϕ





cos 2ϕ − sin 2ϕ








cos 2ϕ cosϕ− sin 2ϕ sinϕ − cos 2ϕ sinϕ− sin 2ϕ cosϕ





cos 3ϕ − sin 3ϕ
sin 3ϕ cos 3ϕ
)
.
«ï § áâ®áã¢ ­­ï ¬¥â®¤ã ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¯à¨¯ãáâ¨¬®, é®
An−1 =
(
cos(n− 1)ϕ − sin(n− 1)ϕ
sin(n− 1)ϕ cos(n− 1)ϕ
)
÷ ¯¥à¥ª®­ õ¬®áï, é®
An = An−1 · A =
(
cos(n− 1)ϕ − sin(n− 1)ϕ






















®§¢'ï§ ­­ï. ­ ©¤¥¬® ¤¥ª÷«ìª  ¯¥àè¨å áâ¥¯¥­¥© ¬ âà¨æ÷: A2 , A3 ,

















A3 = A·A2 =





















An = An−1A =
























¡® 5n−1+5n−2+5n−3+· · ·+1 = 5
n − 1
4
















































































































































3)2 −2− 2 + 1 2(1 +
√









3) + 4 + 2
√
3 1− 4
−2 + 1− 2 4− 2
√





















































































































ªé® A i B | ¯¥à¥áâ ¢­÷ (ª®¬ãâ â¨¢­÷) ¬ âà¨æ÷ ®¤­®£® ÷ â®£® ¦





























































A4 = A5 = · · · = A20 = Θ.





























































































































A4 = A5 = · · · = A40 = Θ.



















































































































â® §  ä®à¬ã«®î ¬ âà¨ç­®£® ¡÷­®¬ 
















































 . ®¤÷ a1 = a , b1 = b ,

















ana+ bnb 0 anb+ abn
0 cn(a+ b) 0
bna+ anb 0 bnb+ ana
 ,

an+1 = ana+ bnb,
bn+1 = anb+ abn,
cn+1 = cn(a+ b),
=⇒

an+1 + bn+1 = (a+ b)(an + bn),
an+1 − bn+1 = (a− b)(an − bn),




an+1 + bn+1 = (a+ b)
n+1,
an+1 − bn+1 = (a− b)n+1,















(a+ b)n+1 − (a− b)n+1
)
,

























































































bn+1 − bn = 15 ,





























 âà¥âì®£® à÷¢­ï­­ï á¨áâ¥¬¨ §­ ©¤¥¬® cn :














. . . . . . . . . . . . . . . ,























 §­ ç¨¬®, é® §¢÷¤á¨ ¯à¨ n = 40 ¤÷áâ ­¥¬® à®§¢'ï§®ª ¯à¨ª« ¤ã 4.16.
5. ¥â®¤ §¢®à®â­¨å ¯¥à¥â¢®à¥­ì
®á«÷¤®¢­÷áâì xn ­ §¨¢ õâìáï §¢®à®â­®î ¯®á«÷¤®¢­÷áâî ¤àã£®£® ¯®-
àï¤ªã, ïªé® xn+2 = pxn+1 + qxn ¤«ï ¢á÷å n ≥ 1 . à¨ ä÷ªá®¢ ­¨å p
â  q â ª  ¯®á«÷¤®¢­÷áâì ¢¨§­ ç õâìáï ùù ¯¥àè¨¬¨ ¤¢®¬  ç«¥­ ¬¨.
 áâ¨­­÷ à®§¢'ï§ª¨ à÷¢­ï­­ï xn+2 = pxn+1 + qxn ¬®¦ãâì ¡ãâ¨
§­ ©¤¥­÷ ã ¢¨£«ï¤÷ xn = λn , ¤¥ λ 6= 0 . ÷¤áâ ¢¨¢è¨ xn = λn ã
à÷¢­ï­­ï, ¤÷áâ ­¥¬® λ2 − pλ − q = 0 . ¥å © λ1 ÷ λ2 { ª®à¥­÷ ®âà¨-
¬ ­®£® ª¢ ¤à â­®£® à÷¢­ï­­ï.
ª®à¨áâ ¢è¨áì â¥®à¥¬®î ÷õâ  ÷ ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù,
¬®¦­  ¤®¢¥áâ¨ á¯à ¢¥¤«¨¢÷áâì â ª¨å â¢¥à¤¦¥­ì:
a) ïªé® λ1 6= λ2 , â® xn = C1λn1 + C2λn2 , ¤¥ ª®¥ä÷æ÷õ­â¨ C1 ÷ C2
¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì





¡) ïªé® λ1 = λ2 , â® xn = (C1 + nC2)λn1 , ¤¥ ª®¥ä÷æ÷õ­â¨ C1 ÷ C2
¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì
































an + 4cn 3an + 2cn






an+1 = an + 4cn,
bn+1 = bn + 4dn,
cn+1 = 3an + 2cn,
dn+1 = 3bn + 2dn.
®á«÷¤®¢­® áª®à¨áâ ¢è¨áì âà¥â÷¬ ÷ ¯¥àè¨¬ à÷¢­ï­­ï¬¨ æ÷õù á¨áâ¥¬¨,
¤÷áâ ­¥¬®
cn+2 = 3an+1 + 2cn+1 = 3an + 12cn + 2cn+1 =
= cn+1 − 2cn + 12cn + 2cn+1 = 3cn+1 + 10cn,
â®¡â® cn+2 − 3cn+1 − 10cn = 0 { §¢®à®â­ï ¯®á«÷¤®¢­÷áâì ¤àã£®£® ¯®-
àï¤ªã. «ï §­ å®¤¦¥­­ï ¯®á«÷¤®¢­®áâ÷ cn âà¥¡  à®§¢'ï§ â¨ à÷¢­ï­­ï
λ2 − 3λ− 10 = 0.






¤¥ ª®¥ä÷æ÷õ­â¨ C1 ÷ C2 ¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì{





2 = c2 = 3a1 + 2c1,
=⇒
{

















­ «®£÷ç­® â®¬ã, ïª ¡ã«® ¢¨§­ ç¥­® ¯®á«÷¤®¢­÷áâì cn , ¡ã¤¥¬®
èãª â¨ ¯®á«÷¤®¢­÷áâì bn , ¢¨ª®à¨áâ®¢ãîç¨ ¤àã£ã â  ç¥â¢¥àâã à÷¢­®áâ÷
§¤®¡ãâ®ù á¨áâ¥¬¨.  õ¬®
bn+2 = bn+1 + 4dn+1 = bn+1 + 4(3bn + 2dn) = bn+1 + 12bn + 8dn =
= bn+1 + 12bn + 2(bn+1 − bn) = 3bn+1 + 10bn ⇐⇒ bn+2 − 3bn+1 − 10bn = 0.
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áª÷«ìª¨ ª¢ ¤à â­¥ à÷¢­ï­­ï, ïª¥ ¢÷¤¯®¢÷¤ õ ®âà¨¬ ­÷© §¢®à®â­÷©






¤¥ ª®¥ä÷æ÷õ­â¨ B1 ÷ B2 ¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì{





2 = b2 = b1 + 4d1,
=⇒
{













































































an + 2cn 2an + 3cn
bn + 2dn 2bn + 3dn
)
.
 æ÷õù à÷¢­®áâ÷ ®âà¨¬ãõ¬® â ªã á¨áâ¥¬ã:
an+1 = an + 2cn,
bn+1 = bn + 2dn,
cn+1 = 2an + 3cn,
dn+1 = 2bn + 3dn.
=⇒

an+2 = an+1 + 2cn+1,









®¤÷ an+2 = an+1 + an + 3an+1 , an+2 − 4an+1 − an = 0 (æ¥ ®§­ ç õ, é®
an { §¢®à®â­ï ¯®á«÷¤®¢­÷áâì ¤àã£®£® ¯®àï¤ªã).
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áª÷«ìª¨ λ1 = 2 +
√
5 i λ2 = 2−
√
5 { ª®à¥­÷ ª¢ ¤à â­®£® à÷¢­ï­­ï






¤¥ ª®¥ä÷æ÷õ­â¨ A1 i A2 ¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì:{





2 = a2 = a1 + 2c1,
=⇒
{

















ª®à¨áâ ¢è¨áì ¯®á«÷¤®¢­® ¤àã£®î â  ç¥â¢¥àâ®î à÷¢­®áâï¬¨
à®§£«ï­ãâ®ù á¨áâ¥¬¨, ®âà¨¬ õ¬®
bn+2 = bn+1 + 2dn+1 = bn+1 + 2(2bn + 3dn) = bn+1 + 4bn + 3(bn+1 − bn) =
= 4bn+1 + bn ⇐⇒ bn+2 − 4bn+1 − bn = 0.
÷¢­ï­­ï λ2 − 4λ − 1 = 0 ¬ õ ª®à¥­÷ λ1 = 2 +
√









¤¥ ª®¥ä÷æ÷õ­â¨ B1 ÷ B2 ¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì{





2 = b2 = b1 + 2d1,
=⇒
{



























































 £ ¤ õ¬®, é® £à ­¨æï ¬ âà¨æ÷ ¤®à÷¢­îõ ¬ âà¨æ÷ § £à ­¨æì ùù
¥«¥¬¥­â÷¢.












, Xn = AnX0 .
®¢¥áâ¨, é® lim
n→∞
Xn ÷á­ãõ ÷ §­ ©â¨ ©®£®.
®¢¥¤¥­­ï. à å®¢ãîç¨, é®






































â® ¯® ÷­¤ãªæ÷ù ®âà¨¬ õ¬®
Xn = AXn−1 = (2−
√
2)nX0.
â¦¥, ¡¥àãç¨ ¤® ã¢ £¨ ­¥à÷¢­÷áâì 0 < 2−
√









2)n = X0 · 0 = Θ,
¤¥ Θ { ­ã«ì®¢  ¬ âà¨æï.
à¨ª« ¤ 4.23. ­ ©â¨ lim
n→∞
















































































































































































































































































) , ¤¥ A = 1
2
(
a+ 1 a− 1
a− 1 a+ 1
)
, a 6= 1.





a+ 1 a− 1
a− 1 a+ 1
)(
a+ 1 a− 1









(a+ 1)2 + (a− 1)2 2(a2 − 1)







2(a2 + 1) 2(a2 − 1)






a2 + 1 a2 − 1







a2 + 1 a2 − 1
a2 − 1 a2 + 1
)(
a+ 1 a− 1







(a2 + 1)(a+ 1) + (a2 − 1)(a− 1) (a2 + 1)(a− 1) + (a2 − 1)(a+ 1)







a3 + 1 a3 − 1
a3 − 1 a3 + 1
)




ak + 1 ak − 1
ak − 1 ak + 1
)















































































= 0 ¯à¨ a 6= 1 .



















Ak , ïª¨© ­ §¨-
¢ õâìáï ¬ âà¨ç­®î ¥ªá¯®­¥­â®î ÷ ¯®§­ ç õâìáï eA .






















































  ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù An =
(


























































4.6  ¤ ç÷ § £ «ì­®£® å à ªâ¥àã
à¨ª« ¤ 4.27. A i B | ª¢ ¤à â­÷ ¬ âà¨æ÷, A2 = A , B2 = B ,
AB = BA . ®¢¥áâ¨, é® ¢¨§­ ç­¨ª ∆(A − B) ¬®¦¥ ­ ¡ã¢ â¨ â÷«ìª¨
§­ ç¥­­ï 0 , 1 ÷ −1 .
®¢¥¤¥­­ï. ¥å © C = A−B . ®¤÷
C3 = A3 − 3A2B + 3AB2 −B3 = A− 3AB + 3AB −B = A−B = C.
¢÷¤á¨ ¢¨¯«¨¢ õ, é®





â®¡â® ∆(C) ¬®¦¥ ­ ¡ã¢ â¨ §­ ç¥­­ï â÷«ìª¨ 0 , 1 ÷ −1 , é® ÷ âà¥¡  ¡ã«®
¤®¢¥áâ¨.
à¨ª« ¤ 4.28. 'ïáã¢ â¨, ç¨ ¤«ï ª®¦­®£® ­ âãà «ì­®£® ç¨á«  n ≥
2 ÷á­ãõ ª¢ ¤à â­  ¬ âà¨æï ¯®àï¤ªã n , ¢¨§­ ç­¨ª ïª®ù ¤®à÷¢­îõ 1 ,   ¢á÷
¥«¥¬¥­â¨ | æ÷«÷ ç¨á« , ª®¦­¥ § ïª¨å ­¥ ¬¥­è¥ §  n .
®§¢'ï§ ­­ï.  ª  ¬ âà¨æï ÷á­ãõ. øù ¬®¦­  ®âà¨¬ â¨, ­ ¯à¨ª« ¤,
§ ®¤¨­¨ç­®ù ¬ âà¨æ÷ n -£® ¯®àï¤ªã è«ïå®¬ ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­ì,
é® ­¥ §¬÷­îîâì ¢¨§­ ç­¨ª ¬ âà¨æ÷.
1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0




1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0







1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0




n+ 1 n n . . . n n+ 1
n n+ 1 n . . . n n+ 1
n n n+ 1 . . . n n+ 1
. . . . . . . . . . . . . . . . . .
n n n . . . n+ 1 n+ 1
n n n . . . n n+ 1

à¨ª« ¤ 4.29. ®§¢'ï§ â¨ à÷¢­ï­­ï
∆(x) =
∣∣∣∣∣∣∣∣∣∣∣
x a1 a2 . . . an
a1 x a2 . . . an
. . . . . . . . . . . . . . .
a1 a2 a3 . . . x
∣∣∣∣∣∣∣∣∣∣∣
= 0
®§¢'ï§ ­­ï. ö§ ã¬®¢¨ § ¤ ç÷ ¢¨¯«¨¢ õ, é® ∆(ak) = 0 ¯à¨ ¢á÷å
k = 1, 2, . . . , n , ¡® â®¤÷ ¢¨§­ ç­¨ª ∆(x) ¡ã¤¥ ¬ â¨ ¤¢  ®¤­ ª®¢¨å àï¤ª¨.
®¤ ¬® ¤® ¥«¥¬¥­â÷¢ ¯¥àè®£® áâ®¢¯ç¨ª  ¢¨§­ ç­¨ª  ∆(x) ¢÷¤¯®¢÷¤­÷
¥«¥¬¥­â¨ à¥èâ¨ áâ®¢¯ç¨ª÷¢. ®¤÷ ¯¥àè¨© ¥«¥¬¥­â ª®¦­®£® àï¤ª  ¢¨-
§­ ç­¨ª  ¡ã¤¥ ¤®à÷¢­î¢ â¨ x+ a1 + a2 + · · ·+ an . â¦¥,
∆(x) = (x+ a1 + a2 + · · ·+ an)
∣∣∣∣∣∣∣∣∣∣∣
1 a1 a2 . . . an
1 x a2 . . . an
. . . . . . . . . . . . . . .
1 a2 a3 . . . x
∣∣∣∣∣∣∣∣∣∣∣
,
a x = −a1 − a2 − · · · − an õ â¥¦ ª®à¥­¥¬ à÷¢­ï­­ï ∆(x) = 0 . â¦¥,
à÷¢­ï­­ï ∆(x) = 0 ¬ õ n + 1 à÷§­¨å ª®à¥­÷¢: xk = ak , k = 1, 2, . . . , n ;
xn+1 = −a1 − a2 − · · · − an . áª÷«ìª¨ ∆(x) õ ¬­®£®ç«¥­®¬ (n + 1) -£®
áâ¥¯¥­ï, â® ÷­è¨å ª®à¥­÷¢ ¢÷­ ¬ â¨ ­¥ ¬®¦¥.
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®¢¥áâ¨, é® ∆(AB) ≥ 0 . ®«¨ ¤®áï£ õâìáï §­ ª à÷¢­®áâ÷?








a b− a c− a
c b− c a− c
1 0 0
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣ b− a c− ab− c a− c
∣∣∣∣∣ =









0 b− a b− c
0 c− a a− c
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣ b− a b− cc− a a− c
∣∣∣∣∣ =
= (b− a)(a− c)− (c− a)(b− c) = (a− c)(2b− a− c).
áª÷«ìª¨ ∆(AB) = ∆(A)∆(B) , â®
∆(AB) = (a− c)2(2b− a− c)2 ≥ 0.
¢÷¤á¨ ¢¨¯«¨¢ õ, é® §­ ª à÷¢­®áâ÷, ¢à å®¢ãîç¨ ã¬®¢ã abc 6= 0 , ¤®áï£ -
õâìáï ã ¢¨¯ ¤ª å a = c ÷ 2b = a+ c .





ïªé® â®çª¨ A(x1, y1) , B(x2, y2) , C(x3, y3) «¥¦ âì ­  ®¤­÷© ¯àï¬÷©.
®§¢'ï§ ­­ï. ¥å © y = kx+ b | à÷¢­ï­­ï ¯àï¬®ù. ®¤÷
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¡® ¢ ¤àã£®¬ã ¢¨§­ ç­¨ªã, ¤®¤ îç¨ ¤® ®áâ ­­ì®£® àï¤ª  ¯¥àè¨©,
¯®¬­®¦¥­¨© ­  (−b) , ®âà¨¬ õ¬® ¢¨§­ ç­¨ª § ¤¢®¬  ¯à®¯®àæ÷©­¨¬¨
àï¤ª ¬¨, §­ ç¥­­ï ïª®£® ¤®à÷¢­îõ 0.







¤¥ a , b , c | ª®à¥­÷ à÷¢­ï­­ï x3 + px2 + qx+ r = 0 .
®§¢'ï§ ­­ï. ® ¥«¥¬¥­â÷¢ ¯¥àè®£® àï¤ª  ¤®¤ ¬® ¢÷¤¯®¢÷¤­÷
¥«¥¬¥­â¨ à¥èâ¨ àï¤ª÷¢ ÷ áâ®à¨áâãõ¬®áï ä®à¬ã« ¬¨ ÷õâ . «ï §¢¥¤¥­®£®
ªã¡÷ç­®£® à÷¢­ï­­ï x3 + px2 + qx+ r = 0 ¢®­¨ ¬ îâì â ª¨© ¢¨£«ï¤:
x1 + x2 + x3 = −p, x1x2 + x1x3 + x2x3 = q, x1x2x3 = −r,




















b− a c− a a
c− b a− b b
∣∣∣∣∣∣∣∣ = −p




(a− b)2 + (c− a)(c− b)
)
=




(a+ b+ c)2 = p2, a2 + b2 + c2 = p2 − 2(ab+ ac+ bc) = p2 − 2q.
à¨ª« ¤ 4.33. ¥å © A { ¬ âà¨æï n×n â ª , é® A2 = 2A . ª¨å
§­ ç¥­­ï ¬®¦¥ ­ ¡ã¢ â¨ ¢¨§­ ç­¨ª ¬ âà¨æ÷ 2E − A ?
®§¢'ï§ ­­ï. áª÷«ìª¨ §  ã¬®¢®î A2 = 2A , â®
(2E − A)2 = 4E − 4A+ A2 = 4E − 2A = 2(2E − A).
¢÷¤á¨, áª®à¨áâ ¢è¨áì ä®à¬ã«®î ∆(AB) = ∆(A)∆(B) , ®âà¨¬ õ¬®
∆2(2E − A) = ∆(2E)∆(2E − A),
∆(2E − A)(∆(2E − A)−∆(2E)) = 0.
à¨ª« ¤ 4.34.  âà¨æï X õ à®§¢'ï§ª®¬ ¬ âà¨ç­®£® à÷¢­ï­­ï












®¢¥áâ¨, é® ∆(X) = 0 .
















â® ∆(X) = 0 .
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¤¥ a, b, c | ª®á¨­ãá¨ ªãâ÷¢, é® ãâ¢®àîîâì ¤¥ïª¨© ¢¥ªâ®à § ®áï¬¨ ª®®à-
¤¨­ â.
®§¢'ï§ ­­ï. áª÷«ìª¨ a2 + b2 + c2 = 1 , â®
∆ = 1 + 2abc− a2 − b2 − c2 = 2abc.
â¦¥, áª®à¨áâ ¢è¨áì ­¥à÷¢­÷áâî ¬÷¦ á¥à¥¤­÷¬  à¨ä¬¥â¨ç­¨¬ ÷ á¥à¥¤­÷¬
£¥®¬¥âà¨ç­¨¬ âàì®å ¤®¤ â­¨å ç¨á¥«, ®âà¨¬ õ¬®
1 = a2 + b2 + c2 ≥ 3 3
√





⇒ (abc)2 ≤ 1
27
.














à÷¢­®áâ÷ ¬ õ ¬÷áæ¥ â÷«ìª¨ §  ã¬®¢¨ a2 = b2 = c2 =
1
27
. ®¬ã max ∆ ¤®-
áï£ õâìáï, ª®«¨ ¢á÷ ª®á¨­ãá¨ ¤®¤ â­÷  ¡® ¤¢  § âàì®å ª®á¨­ãá÷¢ ¢÷¤'õ¬­÷;
min ∆ ¤®áï£ õâìáï, ª®«¨ ®¤¨­ § ª®á¨­ãá÷¢ ¢÷¤'õ¬­¨©,   ¤¢  ÷­è¨å ¬ îâì
®¤­ ª®¢÷ §­ ª¨.
à¨ª« ¤ 4.36. ®¢¥áâ¨, é® ¤«ï ¢á÷å ¤®¯ãáâ¨¬¨å §­ ç¥­ì x á¯à -
¢¥¤«¨¢  ­¥à÷¢­÷áâì ∣∣∣∣∣∣∣∣∣∣∣
1 1 2 3
1 2− x2 2 3
2 3 1 5







÷ §'ïáã¢ â¨, ¯à¨ ïª¨å x ¤®áï£ õâìáï §­ ª à÷¢­®áâ÷.
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®¢¥¤¥­­ï. ®§­ ç¨¬® § ¤ ­¨© ¢¨§­ ç­¨ª ç¥à¥§ ∆(x) ÷ ®¡ç¨á«¨¬®
©®£®: ¯÷á«ï ¢÷¤­÷¬ ­­ï ¢÷¤ ¤àã£®£® àï¤ª  ¯¥àè®£®,   ¢÷¤ ç¥â¢¥àâ®£® |
âà¥âì®£® â  ¢ à¥§ã«ìâ â÷ ®ç¥¢¨¤­¨å ¯¥à¥â¢®à¥­ì, ®âà¨¬ õ¬®
∆(x) =
∣∣∣∣∣∣∣∣∣∣∣
1 1 2 3
1 2− x2 2 3
2 3 1 5




1 1 2 3
0 1− x2 0 0
2 3 1 5






0 1− x2 0
2 3 1
∣∣∣∣∣∣∣∣ = (4− x
2)(1− x2)
∣∣∣∣∣ 1 22 1
∣∣∣∣∣ =
= −3(4− x2)(1− x2).
®§¢'ï§ ¢è¨ ¬¥â®¤®¬ ÷­â¥à¢ «÷¢ ­¥à÷¢­÷áâì
−(x2 − 4)(x2 − 1) ≥ 0,
§­ å®¤¨¬®, é® ®¡« áâì ¤®¯ãáâ¨¬¨å §­ ç¥­ì § ¤ ­®ù ­¥à÷¢­®áâ÷ ¡ã¤¥
â ª®î: 1 ≤ |x| ≤ 2 . «ï § ¢¥àè¥­­ï ¤®¢¥¤¥­­ï ¤®áâ â­ì® ¯¥à¥ª®­ â¨áï,
é® ¤«ï ¢á÷å 1 ≤ |x| ≤ 2 á¯à ¢¥¤«¨¢  ­¥à÷¢­÷áâì
−(x2 − 4)(x2 − 1) ≤ 9
4
.
÷á«ï ®ç¥¢¨¤­¨å ¯¥à¥â¢®à¥­ì ¬ õ¬®








ï ­¥à÷¢­÷áâì ¢¨ª®­ãõâìáï ¤«ï ¢á÷å x ∈ R ,   ®â¦¥, ÷ ¤«ï ¤®¯ãáâ¨¬¨å
§­ ç¥­ì ¤ ­®ù ­¥à÷¢­®áâ÷ 1 ≤ |x| ≤ 2 . ®§¢'ï§ãîç¨ à÷¢­ï­­ï x2− 5
2
= 0 ,
§­ å®¤¨¬®, é® §­ ª à÷¢­®áâ÷ ¢ § ¤ ­÷© ­¥à÷¢­®áâ÷ ¤®áï£ õâìáï, ïªé®





à¨ª« ¤ 4.37. ®¢'ï§ â¨ à÷¢­ï­­ï
∆(x) =
∣∣∣∣∣∣∣∣∣∣∣
x3 x2 x 1
a3 a2 a 1
a6 a6 a2 1
a9 a6 a3 1
∣∣∣∣∣∣∣∣∣∣∣
= 0.
®§¢'ï§ ­­ï. ª ¡ ç¨¬®, ∆(x) { ¬­®£®ç«¥­ âà¥âì®£® ¯®àï¤ªã. ¥
®§­ ç õ, é® à÷¢­ï­­ï ∆(x) = 0 ¬ õ âà¨ ª®à¥­÷, ïª÷ «¥£ª® ¯÷¤÷¡à â¨ â ª,
é®¡ ¤¢  àï¤ª¨ § ç®â¨àì®å ¡ã«¨ ®¤­ ª®¢¨¬¨. â¦¥, § ¤ ­¥ à÷¢­ï­­ï ¬ õ
â ª÷ ª®à¥­÷: x = a , x = a2 , x = a3 .
4.7 ¥®à¥¬   ¯« á 
÷¤®¬®, é® ¡ã¤ì-ïª¨© ¢¨§­ ç­¨ª ¬®¦­  à®§ª« áâ¨ §  ¥«¥¬¥­â ¬¨
¢÷¤¯®¢÷¤­®£® àï¤ª  ç¨ áâ®¢¯æï, â®¡â® ¢¨à §¨â¨ ç¥à¥§ ¢¨§­ ç­¨ª¨, ¯®àï-
¤®ª ïª¨å ­  ®¤¨­¨æî ¬¥­è¥.
¢¥¤¥¬® §­ ç­® ¡÷«ìè § £ «ì­ã ä®à¬ã«ã à®§ª« ¤ã, ïª  óàã­âãõâìáï
­  ã§ £ «ì­¥­­÷ ¯®­ïââï ¬÷­®à  â   «£¥¡à ùç­®£® ¤®¯®¢­¥­­ï.
¨¤÷«¨¬® ã ¢¨§­ ç­¨ªã ∆ n -£® ¯®àï¤ªã ïª÷-­¥¡ã¤ì k àï¤ª÷¢ ÷ k
áâ®¢¯æ÷¢. «¥¬¥­â¨, ïª÷ áâ®ïâì ­  ¯¥à¥â¨­÷ æ¨å àï¤ª÷¢ ÷ áâ®¢¯æ÷¢ ãâ¢®àî-
îâì ¢¨§­ ç­¨ª M k -£® ¯®àï¤ªã, ïª¨© ­ §¢¥¬® ¬÷­®à®¬ k -£® ¯®àï¤ªã.
¨ªà¥á«¨¬® ¯®â÷¬ ã ¢¨§­ ç­¨ªã ∆ à®§£«ï­ãâ÷ àï¤ª¨ ÷ áâ®¢¯æ÷ â  §áã­¥¬®
¥«¥¬¥­â¨, ïª÷ § «¨è¨«¨áï. ¨ ®âà¨¬ «¨ ¬÷­®à M (n− k) -£® ¯®àï¤ªã.
÷­®à¨ M ÷ M ­ §¨¢ îâìáï ¢§ õ¬­® ¤®¯®¢­îîç¨¬¨.




a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55
∣∣∣∣∣∣∣∣∣∣∣∣∣
¯¥àè¨© ÷ âà¥â÷© àï¤ª¨, âà¥â÷© ÷ ¯'ïâ¨© áâ®¢¯æ÷. ¨ ®âà¨¬ õ¬® ¤¢  ¢§ õ¬­®
¤®¯®¢­îîç÷ ¬÷­®à¨:
M =
∣∣∣∣∣ a13 a15a33 a35






 ª ã§ £ «ì­îõâìáï ¯®­ïââï ¬÷­®à . ¥¯¥à § «¨è õâìáï ã§ £ «ì­¨â¨
¯®­ïââï  «£¥¡à ùç­®£® ¤®¯®¢­¥­­ï.
«£¥¡à ùç­¨¬ ¤®¯®¢­¥­­ï¬ ¬÷­®à  M k -£® ¯®àï¤ªã ­ §¨¢ õâìáï
¤®¯®¢­îîç¨© ¬÷­®à M , ¯®¬­®¦¥­¨© ­  (−1)(α1+α2+···+αk)+(β1+β2+···+βk) ,
¤¥ α1, α2, . . . , αk ÷ β1, β2, . . . , βk | ¢÷¤¯®¢÷¤­® ­®¬¥à¨ àï¤ª÷¢ ÷ áâ®¢¯æ÷¢,
ïª÷ ¢å®¤ïâì ã ¬÷­®à M .
 ¯à¨ª« ¤,  «£¥¡à ùç­¨¬ ¤®¯®¢­¥­­ï¬ ¬÷­®à 
M =
∣∣∣∣∣ a13 a15a33 a35
∣∣∣∣∣












¥®à¥¬  4.7.1 (¥®à¥¬   ¯« á .). ¨¤÷«¨¬® ã ¢¨§­ ç­¨ªã ∆ ¤®¢÷«ì­÷
k àï¤ª÷¢ (áâ®¢¯æ÷¢). ®¤÷ ¢¨§­ ç­¨ª ∆ ¤®à÷¢­îõ áã¬÷ ¤®¡ãâª÷¢ ãá÷å








1 1 0 0
x1 x2 cosα sinα
y1 y2 cos β sin β
z1 z2 cos γ sin γ
∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ö§ ¥«¥¬¥­â÷¢ ¯¥àè¨å ¤¢®å àï¤ª÷¢ § ¤ ­®£® ¢¨§­ ç­¨ª 
ãâ¢®à¨¬® ¢á÷ ¬®¦«¨¢÷ ¬÷­®à¨ ¤àã£®£® ¯®àï¤ªã, ïª÷ ¢÷¤¬÷­­÷ ¢÷¤ ­ã«ï:
M1 =
∣∣∣∣∣ 1 1x1 x2
∣∣∣∣∣ = x2 − x1, M2 =
∣∣∣∣∣ 1 0x1 cosα
∣∣∣∣∣ = cosα,
M3 =
∣∣∣∣∣ 1 0x1 sinα
∣∣∣∣∣ = sinα,M4 =
∣∣∣∣∣ 1 0x2 cosα
∣∣∣∣∣ = cosα,
M5 =
∣∣∣∣∣ 1 0x2 sinα
∣∣∣∣∣ = sinα.
­ ©¤¥¬® â¥¯¥à ¢÷¤¯®¢÷¤­÷ ù¬  «£¥¡à ùç­÷ ¤®¯®¢­¥­­ï:
A1 = (−1)(1+2)+(1+2)
∣∣∣∣∣ cos β sin βcos γ sin γ
∣∣∣∣∣ = sin γ cos β − cos γ sin β = sin(γ − β),
A2 = (−1)(1+2)+(1+3)
∣∣∣∣∣ y2 sin βz2 sin γ
∣∣∣∣∣ = −y2 sin γ + z2 sin β,
A3 = (−1)(1+2)+(1+4)
∣∣∣∣∣ y2 cos βz2 cos γ
∣∣∣∣∣ = y2 cos γ − z2 cos β,
A4 = (−1)(1+2)+(2+3)
∣∣∣∣∣ y1 sin βz1 sin γ
∣∣∣∣∣ = y1 sin γ − z1 sin β,
A5 = (−1)(1+2)+(2+4)
∣∣∣∣∣ y1 cos βz1 cos γ
∣∣∣∣∣ = −y1 cos γ + z1 cos β.
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MkAk = (x2 − x1) sin(γ − β) + cosα(−y2 sin γ + z2 sin β)+
+ sinα(y2 cos γ − z2 cos β) + cosα(y1 sin γ − z1 sin β)+
+ sinα(−y1 cos γ + z1 cos β) = (x2 − x1) sin(γ − β)+
+ y2(sinα cos γ − cosα sin γ)− y1(sinα cos γ − cosα sin γ)+
+ z2(sin β cosα− cos β sinα)− z1(sin β cosα− cos β sinα) =
= (x2 − x1) sin(γ − β) + (y2 − y1) sin(α− γ) + (z2 − z1) sin(β − α).




3 −1 2 5
1 −1 1 −1
3 2 0 1
−1 0 5 3
∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï.  ¢¨§­ ç­¨ªã ∆ ¢¨¤÷«¨¬® ¤¢  ®áâ ­­÷å àï¤ª¨ â 
ãâ¢®à¨¬® ¢á÷ ¬®¦«¨¢÷ ¬÷­®à¨ ¤àã£®£® ¯®àï¤ªã § ¥«¥¬¥­â÷¢, é® ¬÷áâïâìáï
¢ æ¨å àï¤ª å:
M1 =
∣∣∣∣∣ 3 2−1 0
∣∣∣∣∣ = 2, M2 =
∣∣∣∣∣ 3 0−1 5
∣∣∣∣∣ = 15, M3 =
∣∣∣∣∣ 3 1−1 3
∣∣∣∣∣ = 10,
M4 =
∣∣∣∣∣ 2 00 5
∣∣∣∣∣ = 10, M5 =
∣∣∣∣∣ 2 10 3
∣∣∣∣∣ = 6, M6 =




 ¯¨è¥¬® â¥¯¥à ¢÷¤¯®¢÷¤­÷  «£¥¡à ùç­÷ ¤®¯®¢­¥­­ï:
A1 = (−1)(3+4)+(1+2)
∣∣∣∣∣ 2 51 −1
∣∣∣∣∣ = −7, A2 = (−1)(3+4)+(1+3)
∣∣∣∣∣ −1 5−1 −1
∣∣∣∣∣ = −6,
A3 = (−1)(3+4)+(1+4)
∣∣∣∣∣ −1 2−1 1
∣∣∣∣∣ = 1, A4 = (−1)(3+4)+(2+3)
∣∣∣∣∣ 3 51 −1
∣∣∣∣∣ = −8,
A5 = (−1)(3+4)+(2+4)
∣∣∣∣∣ 3 21 1
∣∣∣∣∣ = −1, A6 = (−1)(3+4)+(3+4)
∣∣∣∣∣ 3 −11 −1
∣∣∣∣∣ = −2.





= (−7)2 + (−6)15 + 1(10) + (−8)10 + (−1)6 + (−2)(−5) = −170.
4.8 ¨§­ ç­¨ª¨ á¯¥æ÷ «ì­¨å ¬ âà¨æì
÷¤®¬®, é® ç¨¬ ¡÷«ìè¥ ­ã«÷¢ á¥à¥¤ ¥«¥¬¥­â÷¢ ¬ âà¨æ÷ ÷ ç¨¬ ªà -
é¥ ¢®­¨ à®§â è®¢ ­÷, â¨¬ «¥£è¥ ®¡ç¨á«î¢ â¨ ùù ¢¨§­ ç­¨ª.  ¯à¨ª« ¤,
§£ ¤ õ¬®, é® ¢¨§­ ç­¨ª âà¨ªãâ­®ù ¬ âà¨æ÷ (¢¥àå­ì®ù ç¨ ­¨¦­ì®ù) ¤®à÷-
¢­îõ ¤®¡ãâªã ¥«¥¬¥­â÷¢ ùù £®«®¢­®ù ¤÷ £®­ «÷.
®§£«ï­¥¬® ¤àã£¨© ¢ ¦«¨¢¨© ®ªà¥¬¨© ¢¨¯ ¤®ª.
¥®à¥¬  4.8.1. «ï ¢¨§­ ç­¨ª  ∆ ¯®àï¤ªã n+m , ã ïª®£® ­  ¯¥à¥â¨-




a11 . . . a1n a1n+1 . . . a1n+m
. . . . . . . . . . . . . . . . . .
an1 . . . ann ann+1 . . . ann+m
0 . . . 0 b11 . . . b1m
. . . . . . . . . . . . . . . . . .




a11 . . . a1n
. . . . . . . . .
an1 . . . ann
∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
b11 . . . b1m
. . . . . . . . .




¥å © A ÷ B { ª¢ ¤à â­÷ ¬ âà¨æ÷ ¯®àï¤ª÷¢ ¢÷¤¯®¢÷¤­® n ÷ m ,  
­ã«ì®¢  ¬ âà¨æï Θ ÷ ¬ âà¨æï C { ¯àï¬®ªãâ­÷. ®¤÷ ­ ¢¥¤¥­  â¥®à¥¬ 
­ ¡ã¢ õ ¡÷«ìè ª®¬¯ ªâ­®£® ¢¨£«ï¤ã
∆ =
∣∣∣∣∣ A CΘ B
∣∣∣∣∣ = ∆(A)∆(B).
  ¤®¯®¬®£®î ¤ ­®ù â¥®à¥¬¨ ¬®¦­  ¤®¢¥áâ¨, é®
∆ =
∣∣∣∣∣ A ΘC B
∣∣∣∣∣ = ∆(A)∆(B), ∆ =
∣∣∣∣∣ C AB Θ
∣∣∣∣∣ = (−1)n+m∆(A)∆(B).




2 3 0 0 1 −1
9 4 0 0 3 7
4 5 1 −1 2 4
3 8 3 7 6 9
1 −1 0 0 0 0
3 7 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.




4 5 1 −1 2 4
3 8 3 7 6 9
9 4 0 0 3 7
2 3 0 0 1 −1
1 −1 0 0 0 0
3 7 0 0 0 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
÷á«ï ¤®¤ ¢ ­­ï ¯'ïâ®£® áâ®¢¯æï ¤® è®áâ®£® ÷ ¯¥à¥áâ ¢«ï­­ï âà¥âì®£®
82
82
áâ®¢¯æï § ¯'ïâ¨¬ ®âà¨¬ õ¬®, é®
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
4 5 1 −1 2 6
3 8 3 7 6 15
9 4 0 0 3 10
2 3 0 0 1 0
1 −1 0 0 0 0




4 5 2 −1 1 6
3 8 6 7 3 15
9 4 3 0 0 10
2 3 1 0 0 0
1 −1 0 0 0 0














∣∣∣∣∣ 1 −13 7
∣∣∣∣∣ · 10
∣∣∣∣∣ −1 17 3
∣∣∣∣∣ =
= −100(−10) = 1000.
4.9 ¥â®¤ §¢¥¤¥­­ï ¤® âà¨ªãâ­®£® ¢¨£«ï¤ã
¥© ¬¥â®¤ ¯®«ï£ õ ¢ â®¬ã, é® § ¤ ­¨© ¢¨§­ ç­¨ª è«ïå®¬ ¯¥à¥â¢®-
à¥­­ï, ¢¨ª®à¨áâ®¢ãîç¨ ¢« áâ¨¢®áâ÷ ¢¨§­ ç­¨ª , §¢®¤¨âìáï ¤® â ª®£® ¢¨-
£«ï¤ã, ¤¥ ¢á÷ ¥«¥¬¥­â¨, ïª÷ «¥¦ âì ¯® ®¤¨­ ¡÷ª ¢÷¤ ®¤­÷õù § ¤÷ £®­ «¥©,
¤®à÷¢­îîâì ­ã«î. ¨¯ ¤®ª ¯®¡÷ç­®ù ¤÷ £®­ «÷ è«ïå®¬ §¬÷­¨ ¯®àï¤ªã
àï¤ª÷¢ (ç¨ áâ®¢¯æ÷¢) ­  §¢®à®â­¨© §¢®¤¨âìáï ¤® ¢¨¯ ¤ªã § £®«®¢­®î
¤÷ £®­ ««î. âà¨¬ ­¨© ¢¨§­ ç­¨ª ¤®à÷¢­îõ ¤®¡ãâªã ¥«¥¬¥­â÷¢ £®«®¢­®ù
¤÷ £®­ «÷.
à¨ª« ¤ 4.41. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª ¯®àï¤ªã n , ¥«¥¬¥­â¨ ïª®£®
§ ¤ ­÷ ã¬®¢ ¬¨ ai,j = |i− j| .
®§¢'ï§ ­­ï. ö§ ª®¦­®£® àï¤ª  ¢÷¤­÷¬¥¬® ¯®¯¥à¥¤­÷©,   ¯®â÷¬
83
83
®áâ ­­÷© áâ®¢¯¥æì ¤®¤ ¬® ¤® à¥èâ¨.  õ¬®
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 2 3 . . . n− 2 n− 1
1 0 1 2 . . . n− 3 n− 2
2 1 0 1 . . . n− 4 n− 3
. . . . . . . . . . . . . . . . . . . . .
n− 2 n− 3 n− 4 n− 5 . . . 0 1





0 1 2 3 . . . n− 2 n− 1
1 −1 −1 −1 . . . −1 −1
1 1 −1 −1 . . . −1 −1
. . . . . . . . . . . . . . . . . . . . .
1 1 1 1 . . . −1 −1





n− 1 n n+ 1 n+ 2 . . . 2n− 3 n− 1
0 −2 −2 −2 . . . −2 −1
0 0 −2 −2 . . . −2 −1
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . −2 −1






1 2 3 . . . n
n 1 2 . . . n− 1
n− 1 n 1 . . . n− 2
. . . . . . . . . . . . . . .










1 2 3 . . . n
n 1 2 . . . n− 1
n− 1 n 1 . . . n− 2
. . . . . . . . . . . . . . .
3 4 5 . . . 2
1 1 1 . . . 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.






1 1 1 . . . 1 1
n 1− n 1 . . . 1 1
n− 1 1 1− n . . . 1 1
. . . . . . . . . . . . . . . . . .
3 1 1 . . . 1− n 1








1 1 1 . . . 1 1
1− n 1 1 . . . 1 1
1 1− n 1 . . . 1 1
. . . . . . . . . . . . . . . . . .
1 1 1 . . . 1− n 1
∣∣∣∣∣∣∣∣∣∣∣∣∣
.






1 1 . . . 1 1
−n 0 . . . 0 0
0 −n . . . 0 0
. . . . . . . . . . . . . . .











−n 0 . . . 0
0 −n . . . 0
. . . . . . . . . . . .






(−1)n+1+2n−2nn−2 = (−1)n−1n+ 1
2
nn−1.
4.10 ¥â®¤ ¢¨¤÷«¥­­ï «÷­÷©­¨å ¬­®¦­¨ª÷¢
ãâì ¬¥â®¤  ¯®«ï£ õ ¢ â®¬ã, é®¡ è«ïå®¬ ¯¥à¥â¢®à¥­ì ®âà¨¬ â¨
¢¨§­ ç­¨ª, ã ïª®£® ¢á÷ ¥«¥¬¥­â¨ ¢ ¤¥ïª®¬ã àï¤ªã (ç¨ áâ®¢¯æ÷) ¬ «¨ ¡
á¯÷«ì­¨© ¬­®¦­¨ª, ïª¨© ¯®â÷¬ ¢¨­®á¨âìáï §  §­ ª ¢¨§­ ç­¨ª .
à¨ª« ¤ 4.43. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣
a2 (a+ 1)2 (a+ 2)2
b2 (b+ 1)2 (b+ 2)2
c2 (c+ 1)2 (c+ 2)2
∣∣∣∣∣∣∣∣ .
®§¢'ï§ ­­ï. ¯®ç âªã ¢÷¤­÷¬¥¬® ¯¥àè¨© àï¤®ª ¢÷¤ ¤àã£®£® â  âà¥-
âì®£® àï¤ª÷¢,   ¯®â÷¬ ¢¨­¥á¥¬® á¯÷«ì­÷ ¬­®¦­¨ª¨ ¢ ¥«¥¬¥­â÷¢ æ¨å àï¤ª÷¢
§  §­ ª ¢¨§­ ç­¨ª .  õ¬®:
∆ =
∣∣∣∣∣∣∣∣
a2 (a+ 1)2 (a+ 2)2
b2 (b+ 1)2 (b+ 2)2




a2 (a+ 1)2 (a+ 2)2
b2 − a2 (b+ 1)2 − (a+ 1)2 (b+ 2)2 − (a+ 2)2






a2 (a+ 1)2 (a+ 2)2
(b− a)(b+ a) (b− a)(b+ a+ 2) (b− a)(b+ a+ 4)
(c− a)(c+ a) (c− a)(c+ a+ 2) (c− a)(c+ a+ 4)
∣∣∣∣∣∣∣∣ =
= (a− b)(a− c)
∣∣∣∣∣∣∣∣
a2 (a+ 1)2 (a+ 2)2
b+ a b+ a+ 2 b+ a+ 4
c+ a c+ a+ 2 c+ a+ 4
∣∣∣∣∣∣∣∣ .
 «÷ ¯÷á«ï ¢÷¤­÷¬ ­­ï ¯¥àè®£® áâ®¢¯æï ¢÷¤ ¤àã£®£® â  âà¥âì®£® áâ®¢¯æ÷¢
â  ¯÷á«ï ®ç¥¢¨¤­¨å ¯¥à¥â¢®à¥­ì, ®âà¨¬ õ¬®
∆ = (a− b)(a− c)
∣∣∣∣∣∣∣∣
a2 2a+ 1 4a+ 4
b+ a 2 4
c+ a 2 4
∣∣∣∣∣∣∣∣ =
= (a− b)(a− c)
∣∣∣∣∣∣∣∣
a2 2a+ 1 2
b+ a 2 0
c+ a 2 0
∣∣∣∣∣∣∣∣ =
= 4(a− b)(a− c)
∣∣∣∣∣ b+ a 1c+ a 1
∣∣∣∣∣ = 4(a− b)(a− c)(b− c).
à¨ª« ¤ 4.44. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣
sin2 α sinα cosα cos2 α
sin2 β sin β cos β cos2 β
sin2 γ sin γ cos γ cos2 γ
∣∣∣∣∣∣∣∣ .
®§¢'ï§ ­­ï. ®¤ ¬® ¤® ¯¥àè®£® áâ®¢¯æï âà¥â÷©,   ¯®â÷¬ ¢÷¤­÷¬¥¬®
¯¥àè¨© àï¤®ª ¢÷¤ ¤àã£®£® â  âà¥âì®£®. âà¨¬ ­¨© ¢¨§­ ç­¨ª à®§ª« ¤¥¬®
§  ¥«¥¬¥­â ¬¨ ¯¥àè®£® áâ®¢¯æï.  «÷, áª®à¨áâ ¢è¨áì ä®à¬ã« ¬¨ ¤«ï






1 sinα cosα cos2 α
1 sin β cos β cos2 β
1 sin γ cos γ cos2 γ
∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
1 sinα cosα cos2 α
0 sin β cos β − sinα cosα cos2 β − cos2 α





∣∣∣∣∣ sin 2β − sin 2α cos 2β − cos 2αsin 2γ − sin 2α cos 2γ − cos 2α
∣∣∣∣∣ =
=
∣∣∣∣∣ sin(β − α) cos(β + α) sin(α− β) sin(α + β)sin(γ − α) cos(γ + α) sin(α− γ) sin(α + γ)
∣∣∣∣∣ =
= sin(α− β) sin(α− γ)
∣∣∣∣∣ − cos(β + α) sin(α + β)− cos(γ + α) sin(α + γ)
∣∣∣∣∣ =




sin(α− β) sin(α− γ) [sin(2α + β + γ)− sin(γ − β)−
− sin(2α + β + γ) + sin(β − γ)] =
= sin(α− β) sin(α− γ) sin(β − γ).
à¨ª« ¤ 4.45. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣
−a b c d
b −a d c
c d −a b
d c b −a
∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ® ¯¥àè®£® àï¤ª  ¤®¤ ¬® áã¬¬ã à¥èâ¨ àï¤ª÷¢:
∆ =
∣∣∣∣∣∣∣∣∣∣∣
b+ c+ d− a b+ c+ d− a b+ c+ d− a b+ c+ d− a
b −a d c
c d −a b





= (b+ c+ d− a)
∣∣∣∣∣∣∣∣∣∣∣
1 1 1 1
b −a d c
c d −a b
d c b −a
∣∣∣∣∣∣∣∣∣∣∣
.
÷¤­÷¬¥¬® ¯¥àè¨© áâ®¢¯¥æì ¢÷¤ à¥èâ¨.  õ¬®:
∆ = (b+ c+ d− a)
∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0
b −a− b d− b c− b
c d− c −a− c b− c
d c− d b− d −a− d
∣∣∣∣∣∣∣∣∣∣∣
=
= (b+ c+ d− a)
∣∣∣∣∣∣∣∣
−a− b d− b c− b
d− c −a− c b− c
c− d b− d −a− d
∣∣∣∣∣∣∣∣ .
¥¯¥à ¤®¤ ¬® ¤® ¯¥àè®£® àï¤ª  ¤àã£¨©. ®¤÷ ¢¨§­ ç­¨ª ­ ¡ã¤¥ â ª®£®
¢¨£«ï¤ã:
∆ = (b+ c+ d− a)
∣∣∣∣∣∣∣∣
−a− b− c+ d −a− b− c+ d 0
d− c −a− c b− c
c− d b− d −a− d
∣∣∣∣∣∣∣∣ =
= (b+ c+ d− a)(−a− b− c+ d)
∣∣∣∣∣∣∣∣
1 1 0
d− c −a− c b− c
c− d b− d −a− d
∣∣∣∣∣∣∣∣ .
÷¤­÷¬¥¬® ¢÷¤ ¤àã£®£® áâ®¢¯æï ¯¥àè¨©. âà¨¬ õ¬®:
∆ = (b+ c+ d− a)(−a− b− c+ d)
∣∣∣∣∣∣∣∣
1 0 0
d− c −a− d b− c
c− d b− c −a− d
∣∣∣∣∣∣∣∣ =
= (b+ c+ d− a)(−a− b− c+ d)




 á ¬ª÷­¥æì, ¤®¤ ¢è¨ ¤® ¯¥àè®£® àï¤ª  ¤àã£¨©, §­ ©¤¥¬®
∆ = (b+ c+ d− a)(−a− b− c+ d)
∣∣∣∣∣ −a− c− d+ b −a− c− d+ bb− c −a− d
∣∣∣∣∣ =
= (b+ c+ d− a)(−a− b− c+ d)(−a− c− d+ b)
∣∣∣∣∣ 1 1b− c −a− d
∣∣∣∣∣ =
= (b+ c+ d− a)(−a− b− c+ d)(a+ c+ d− b)(a+ b+ d− c).
à¨ª« ¤ 4.46. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª ∆n = |aij|ni,j=1 , ¤¥
aij =
{
0, i = j
i, i 6= j
, 1 ≤ i, j ≤ n.
®§¢'ï§ ­­ï.  ã¬®¢¨ ¢¨¯«¨¢ õ, é®
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 1 . . . 1 1
2 0 2 . . . 2 2
3 3 0 . . . 3 3
. . . . . . . . . . . . . . . . . .
n− 1 n− 1 n− 1 . . . 0 n− 1




0 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
. . . . . . . . . . . . . . .
1 1 1 . . . 0
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
â¥¯¥à ¢÷¤ ¯¥àè®£® àï¤ª  ¢÷¤­÷¬¥¬® ¤àã£¨©, ¢÷¤ ¤àã£®£® âà¥â÷©,..., ¢÷¤
¯¥à¥¤®áâ ­­ì®£® | ®áâ ­­÷©.  ®âà¨¬ ­®¬ã ¢¨§­ ç­¨ªã ¤® ¤àã£®£®
áâ®¢¯æï ¤®¤ ¬® ¯¥àè¨©, ¤® âà¥âì®£® áâ®¢¯æï ¤®¤ ¬® ¤àã£¨© ÷ â. ¤. â¦¥,
∆n = n!
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−1 1 0 . . . 0 0
0 −1 1 . . . 0 0
0 0 −1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . −1 1




−1 0 0 . . . 0 0
0 −1 0 . . . 0 0
0 0 −1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . −1 0







−1 0 . . . 0
0 −1 . . . 0
. . . . . . . . . . . .
0 0 . . . −1
∣∣∣∣∣∣∣∣∣∣∣
= (−1)n−1(n− 1)n!.
à¨ª« ¤ 4.47. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆n =
∣∣∣∣∣∣∣∣∣∣∣
1 sinα . . . sinα
sinα 1 . . . sinα
. . . . . . . . . . . .
sinα sinα . . . 1
∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ¯®ç âªã ¤® ®áâ ­­ì®£® àï¤ª  ¤®¤ ¬® à¥èâã àï¤ª÷¢,
  ¯®â÷¬ ¯÷á«ï ¢¨­¥á¥­­ï á¯÷«ì­®£® ¬­®¦­¨ª  §  §­ ª ¢¨§­ ç­¨ª  ¢ ®âà¨-
¬ ­®¬ã ¢¨§­ ç­¨ªã ¢÷¤ ª®¦­®£® áâ®¢¯æï ¢÷¤­÷¬¥¬® ®áâ ­­÷©.  õ¬®:
∆n =
∣∣∣∣∣∣∣∣∣∣∣
1 sinα . . . sinα
sinα 1 . . . sinα
. . . . . . . . . . . .
(n− 1) sinα + 1 (n− 1) sinα + 1 . . . (n− 1) sinα + 1
∣∣∣∣∣∣∣∣∣∣∣
=
= ((n− 1) sinα + 1)
∣∣∣∣∣∣∣∣∣∣∣
1 sinα . . . sinα
sinα 1 . . . sinα
. . . . . . . . . . . .
1 1 . . . 1
∣∣∣∣∣∣∣∣∣∣∣
=
=((n− 1) sinα + 1)
∣∣∣∣∣∣∣∣∣∣∣
1− sinα 0 . . . sinα
0 1− sinα . . . sinα
. . . . . . . . . . . .
0 0 . . . 1
∣∣∣∣∣∣∣∣∣∣∣
=
= ((n− 1) sinα + 1)(1− sinα)n−1.
91
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4.11 ¥â®¤ à¥ªãà¥­â­¨å á¯÷¢¢÷¤­®è¥­ì
¥© ¬¥â®¤ ¯®«ï£ õ ¢ â®¬ã, é® § ¤ ­¨© ¢¨§­ ç­¨ª á¯®ç âªã âà¥¡ 
¯¥à¥â¢®à¨â¨ ÷ à®§ª« áâ¨ §  ¥«¥¬¥­â ¬¨ àï¤ª  ç¨ áâ®¢¯æï,   ¯®â÷¬ ¢¨-
à §¨â¨ ç¥à¥§ ¢¨§­ ç­¨ª¨ â®£® ¦ ¢¨¤ã,  «¥ ­¨¦ç®£® ¯®àï¤ªã. âà¨¬ ­÷
à÷¢­®áâ÷ ­ §¨¢ îâì à¥ªãà¥­â­¨¬¨ á¯÷¢¢÷¤­®è¥­­ï¬¨.
®â÷¬ ®¡ç¨á«îîâì áâ÷«ìª¨ ¢¨§­ ç­¨ª÷¢ ­¨¦ç®£® ¯®àï¤ªã, áª÷«ìª¨ ùå
¡ã«® ¢ ¯à ¢÷© ç áâ¨­÷ à¥ªãà¥­â­®£® á¯÷¢¢÷¤­®è¥­­ï. ¨§­ ç­¨ª¨ ¡÷«ìè
¢¨á®ª®£® ¯®àï¤ªã ®¡ç¨á«îîâì ¯®á«÷¤®¢­® § à¥ªãà¥­â­®£® á¯÷¢¢÷¤­®è¥­-
­ï. ªé® âà¥¡  ®âà¨¬ â¨ ¢¨à § ¤«ï ¢¨§­ ç­¨ª  ¡ã¤ì-ïª®£® ¯®àï¤ªã n ,
â®, ®¡ç¨á«¨¢è¨ ¤¥ª÷«ìª  ¢¨§­ ç­¨ª÷¢ ­¨§ìª¨å ¯®àï¤ª÷¢, ­ ¬ £ îâìáï
¯®¡ ç¨â¨ § £ «ì­¨© ¢¨£«ï¤ èãª ­®£® ¢¨à §ã,   ¯®â÷¬ ¤®¢®¤ïâì á¯à -
¢¥¤«¨¢÷áâì æì®£® ¢¨à §ã ¯à¨ ¡ã¤ì-ïª®¬ã n §  ¤®¯®¬®£®î à¥ªãà¥­â­®£®
á¯÷¢¢÷¤­®è¥­­ï ÷ ¬¥â®¤ã ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¯® n .
à¨ª« ¤ 4.48. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣
α + β1 α α . . . α α
α α + β2 α . . . α α
. . . . . . . . . . . . . . . . . .
α α α . . . α + βn−1 α
α α α . . . α α + βn
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï.  § ¤ ­®¬ã ¢¨§­ ç­¨ªã ¢÷¤­÷¬¥¬® § ®áâ ­­ì®£® áâ®¢¯æï




α + β1 α α . . . α −β1
α α + β2 α . . . α 0
. . . . . . . . . . . . . . . . . .
α α α . . . α + βn−1 0







α α + β2 α . . . α
α α α + β3 . . . α
. . . . . . . . . . . . . . .
α α α . . . α + βn−1





α + β1 α α . . . α
α α + β2 α . . . α
. . . . . . . . . . . . . . .
α α α . . . α + βn−1
∣∣∣∣∣∣∣∣∣∣∣
.
 ¯¥àè®¬ã ¢¨§­ ç­¨ªã ¯à ¢®ù ç áâ¨­¨ à÷¢­®áâ÷ ¯¥à¥áâ ¢¨¬® ¯®á«÷¤®¢­®
¯¥àè¨© áâ®¢¯¥æì § ¤àã£¨¬, âà¥â÷¬, ... (n − 1) áâ®¢¯æ¥¬. áì®£® âà¥¡ 
§à®¡¨â¨ (n − 2) ¯¥à¥áâ ­®¢®ª. àã£¨© ¦¥ ¢¨§­ ç­¨ª â®£® ¦ â¨¯ã, é® ÷
∆n ,  «¥ ©®£® à®§¬÷à ­  ®¤¨­¨æî ¬¥­è¥. â¦¥,
∆n = (−1)n+2(−1)n−2β1
∣∣∣∣∣∣∣∣∣∣∣∣∣
α + β2 α . . . α α
α α + β3 . . . α α
. . . . . . . . . . . . . . .
α α . . . α + βn−1 α
α α . . . α α
∣∣∣∣∣∣∣∣∣∣∣∣∣
+ βn∆n−1.
÷á«ï ¢÷¤­÷¬ ­­ï ¢÷¤ ¯¥àè¨å n− 1 áâ®¢¯æ÷¢ ®áâ ­­ì®£® ®âà¨¬ õ¬®∣∣∣∣∣∣∣∣∣∣∣∣∣
β2 0 0 . . . 0 α
0 β3 0 . . . 0 α
. . . . . . . . . . . . . . . . . .
0 0 0 . . . βn−1 α
0 0 0 . . . 0 α
∣∣∣∣∣∣∣∣∣∣∣∣∣
= αβ2β3 . . . βn−1.
®¤÷
∆n = αβ1β2 . . . βn−1 + βn∆n−1 = αβ1β2 . . . βn−1+
+ βn(αβ1β2 . . . βn−2 + βn−1∆n−2) =
93
93
= αβ1β2 . . . βn−1 + αβ1β2 . . . βn−2βn + βnβn−1∆n−2 = · · · =
= αβ1β2 . . . βn−1 + αβ1β2 . . . βn−2βn + αβ1β2 . . . βn−3βn−1βn + · · ·+












à¨ª« ¤ 4.49. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª ∆ = |aij| , ¤¥ aij = xi , ïªé®
i = j ÷ aij = b j 6= i , ª®«¨ i = 1, 2, . . . , n , j = 1, 2, . . . , n .
®§¢'ï§ ­­ï.  ¤ ­¨© ¢¨§­ ç­¨ª ¡ã¤¥ ¬ â¨ â ª¨© ¢¨£«ï¤:
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣
x1 b b . . . b
b x2 b . . . b
b b x3 . . . b
. . . . . . . . . . . . . . .
b b b . . . xn
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
÷¤­÷¬¥¬® ¯¥àè¨© àï¤®ª ¢÷¤ ª®¦­®£® § à¥èâ¨ àï¤ª÷¢, ¯÷á«ï ç®£®
à®§ª« ¤¥¬® ®âà¨¬ ­¨© ¢¨§­ ç­¨ª §  ¥«¥¬¥­â ¬¨ ®áâ ­­ì®£® áâ®¢¯æï:
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
x1 b b . . . b b
b− x1 x2 − b 0 . . . 0 0
b− x1 0 x3 − b . . . 0 0
. . . . . . . . . . . . . . . . . .
b− x1 0 0 . . . xn−1 − b 0
b− x1 0 0 . . . 0 xn − b
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
= (xn − b)
∣∣∣∣∣∣∣∣∣∣∣∣∣
x1 b b . . . b
b− x1 x2 − b 0 . . . 0
b− x1 0 x3 − b . . . 0
. . . . . . . . . . . . . . . . . .







b− x1 x2 − b 0 . . . 0
b− x1 0 x3 − b . . . 0
. . . . . . . . . . . . . . . . . .
b− x1 0 0 . . . xn−1 − b
b− x1 0 0 . . . 0
∣∣∣∣∣∣∣∣∣∣∣∣∣
=
= (xn − b)∆n−1 + (−1)n+1(−1)nb(b− x1)(x2 − b)(x3 − b) . . . (xn−1 − b).
â¦¥, ¬ õ¬® â ªã à¥ªãà¥­â­ã ä®à¬ã«ã:
∆n = (xn − b)∆n−1 + b(xn−1 − b)(xn−2 − b) . . . (x1 − b).
¨ª®à¨áâ®¢ãîç¨ ùù ¯®á«÷¤®¢­®, ®âà¨¬ õ¬®
∆n = (xn − b)(xn−1 − b)∆n−2 + b(xn−2 − b)(xn−3 − b) . . . (x1 − b)+
+ b(xn−1 − b)(xn−2 − b) . . . (x1 − b) = (xn − b)(xn−1 − b)∆n−2+
+ b(xn−1 − b)(xn−2 − b) . . . (x1 − b) + (xn − b)b(xn−2 − b) . . . (x1 − b) = · · · =
= (xn − b)(xn−1 − b) . . . (x2 − b)∆1 + b(xn−1 − b)(xn−2 − b) . . . (x1 − b)+
+ (xn − b)b(xn−2 − b) . . . (x1 − b) + · · ·+ (xn − b) . . . (x4 − b)(x3 − b)b(x1 − b).
áª÷«ìª¨ ∆1 = x1 = (x1 − b) + b , â®
∆n = (xn − b)(xn−1 − b) . . . (x2 − b)(x1 − b)+
+ b(xn−1 − b)(xn−2 − b) . . . (x1 − b) + (xn − b)b(xn−2 − b) . . . (x1 − b)+











à¨ª« ¤ 4.50. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª ∆n = |aij| , ¤¥ aij = 0 , ª®«¨
i = j ; aij = a , ïªé® j < i ; aij = b ¯à¨ j > i , ¤«ï i = 1, 2, . . . , n ,
j = 1, 2, . . . , n .
95
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®§¢'ï§ ­­ï.  ¤ ­¨© ¢¨§­ ç­¨ª ¬ õ â ª¨© ¢¨£«ï¤:
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 b b . . . b b
a 0 b . . . b b
a a 0 . . . b b
. . . . . . . . . . . . . . . . . .
a a a . . . 0 b
a a a . . . a 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
÷á«ï ¢÷¤­÷¬ ­­ï ¢÷¤ ¯¥àè®£® àï¤ª  ¤àã£®£®, ¢÷¤ ¤àã£®£® | âà¥âì®£®,
... , ¢÷¤ ¯¥à¥¤®áâ ­­ì®£® | ®áâ ­­ì®£®, ®âà¨¬ õ¬® ¢¨§­ ç­¨ª, ïª¨©
à®§ª« ¤¥¬® §  ¥«¥¬¥­â ¬¨ ¯¥àè®£® áâ®¢¯æï:
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
−a b 0 . . . 0 0
0 −a b . . . 0 0
0 0 −a . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . −a b




−a b 0 . . . 0 0
0 −a b . . . 0 0
0 0 −a . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . −a b





b 0 . . . 0 0
−a b . . . 0 0
0 −a . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . −a b
∣∣∣∣∣∣∣∣∣∣∣∣∣
= −a∆n−1 + (−1)n+1abn−1.
âà¨¬ õ¬® à¥ªãà¥­â­ã ä®à¬ã«ã:
∆n = −a∆n−1 + (−1)n+1abn−1.




∆n = −a∆n−1 + (−1)n+1abn−1 = −a(−a∆n−2 + (−1)nabn−2)+
+ (−1)n+1abn−1 = a2∆n−2 + (−1)n+1a2bn−2 + (−1)n+1abn−1 =
= a2(−a∆n−3 + (−1)n−1abn−3) + (−1)n+1a2bn−2 + (−1)n+1abn−1 =
= −a3∆n−3 + (−1)n−1a3bn−3 + (−1)n−1a2bn−2 + (−1)n+1abn−1 = · · · =
= (−1)n−2an−2∆2 + (−1)n+1
(





∣∣∣∣∣ 0 ba 0
∣∣∣∣∣ = −ab, â®
∆n = (−1)n+1
(





an−2 + an−3b+ an−4b3 + · · ·+ bn−2
)
.




ªé® a = b , ∆n = (−1)n+1(n− 1)an .
4.12 ¨áâ¥¬¨ «÷­÷©­¨å à÷¢­ï­ì
à¨ª« ¤ 4.51. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
x1 + x2 + · · ·+ xn−2 + xn−1 = n,
x1 + x2 + · · ·+ xn−2 + xn = n− 1,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
x1 + x3 + · · ·+ xn−1 + xn = 2,
x2 + x3 + · · ·+ xn−1 + xn = 1.
®§¢'ï§ ­­ï. ®¤ îç¨ ¢á÷ à÷¢­ï­­ï á¨áâ¥¬¨ ÷ áª®à¨áâ ¢è¨áì ä®à-
¬ã«®î áã¬¨  à¨ä¬¥â¨ç­®ù ¯à®£à¥á÷ù, ®âà¨¬ õ¬® à÷¢­ï­­ï















− k, (k = 1, 2, . . . , n).
à¨ª« ¤ 4.52. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
x1 + 2x2 + 3x3 + · · ·+ nxn = a1,
x2 + 2x3 + 3x4 + · · ·+ (n− 1)xn + nx1 = a2,
x3 + 2x4 + 3x5 + · · ·+ (n− 1)x1 + nx2 = a3,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
xn−1 + 2xn + 3x1 + · · ·+ xn−2 = an−1,
xn + 2x1 + 3x2 + · · ·+ nxn−1 = an.
®§¢'ï§ ­­ï. ã¬  ¢á÷å à÷¢­ï­ì á¨áâ¥¬¨ ¡ã¤¥ ¬ â¨ â ª¨© ¢¨£«ï¤:











 «÷ ¢÷¤­÷¬¥¬® ¢÷¤ ¤àã£®£® à÷¢­ï­­ï á¨áâ¥¬¨ ¯¥àè¥:
(n− 1)x1 − x2 − x3 − · · · − xn = a2 − a1.



















à¨ª« ¤ 4.53. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
x1 + 2x2 + · · ·+ 9x9 + 10x10 = 55,
x2 + 2x3 + · · ·+ 9x10 + 10x1 = 55,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
x10 + 2x1 + · · ·+ 9x8 + 10x9 = 55.
®§¢'ï§ ­­ï. ª« ¢è¨ ¢á÷ à÷¢­ï­­ï á¨áâ¥¬¨, ®âà¨¬ õ¬®
(1 + 2 + · · ·+ 10)(x1 + x2 + · · ·+ x10) = 10 · 55,
§¢÷¤ª¨ §­ å®¤¨¬® (x1 + x2 + · · · + x10) = 10. ÷¤­÷¬ îç¨ ¢÷¤ ¤àã£®£®
à÷¢­ï­­ï á¨áâ¥¬¨ ¯¥àè¥, §­ å®¤¨¬®
9x1 − x2 − · · · − x10) = 0.
ª« ¢è¨ ¤¢÷ ®áâ ­­÷ à÷¢­®áâ÷, ®¤¥à¦¨¬® x1 = 1. ­ «®£÷ç­® §­ å®¤¨¬®
à¥èâã ­¥¢÷¤®¬¨å.
à¨ª« ¤ 4.54. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
xn + xn+1 = b1,
xn−1 + xn+1 = b2,
. . . . . . . . . . . . . . . . . . ,
x1 + xn+1 = bn,
a(x1 + x2 + · · ·+ xn)− xn+1 = 0.
®§¢'ï§ ­­ï. ª« ¢è¨ ¯¥àè÷ n à÷¢­ï­ì á¨áâ¥¬¨, ®âà¨¬ õ¬®
n∑
i=1














bi − (an+ 1)xn+1 = 0.
99
99
ªé® a 6= −1
n












, i = 1, 2, . . . , n .
ªé® a = −1
n
, â® á¨áâ¥¬  ¡ã¤¥ ¬ â¨ ­¥áª÷­ç¥­­ã ¬­®¦¨­ã à®§¢'ï§ª÷¢
xi = bi − xn+1, i = 1, 2, . . . , n, xn+1 ∈ R.
à¨ª« ¤ 4.55. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
x1 + x2 + x3 = 0,
x2 + x3 + x4 = 0,
. . . . . . . . . . . . . . . . . . ,
x99 + x100 + x1 = 0,
x100 + x1 + x2 = 0.
®§¢'ï§ ­­ï. ª« ¢è¨ ¢á÷ à÷¢­ï­­ï á¨áâ¥¬¨, ®âà¨¬ õ¬®
3x1 + 3x2 + · · ·+ 3x100 = 0  ¡® x1 + x2 + · · ·+ x100 = 0.
¥à¥¯¨è¥¬® ®áâ ­­î à÷¢­÷áâì ã â ª®¬ã ¢¨£«ï¤÷:
x1 + (x2 + x3 + x4) + · · ·+ (x98 + x99 + x100) = 0.
áª÷«ìª¨ ª®¦­  áã¬  ¢ ¤ã¦ª å ¤®à÷¢­îõ ­ã«î, â® x1 = 0 . ­ «®£÷ç­®







à¨ª« ¤ 5.1. ­ ©â¨ ¢á÷ ª¢ ¤à â­÷ ¬ âà¨æ÷ X ¤àã£®£® ¯®àï¤ªã,
¤«ï ïª¨å X2 = E .
















a2 + bc ab+ bd
ac+ dc bc+ d2
)
.
¢÷¤á¨ â  § ã¬®¢¨ § ¤ ç÷ ®âà¨¬ õ¬® á¨áâ¥¬ã à÷¢­ï­ì
a2 + bc = 1,
bc+ d2 = 1,
ab+ bd = 0,
ac+ dc = 0.
⇐⇒

a2 + bc = 1,
cb+ d2 = 1,
b(a+ d) = 0,
c(a+ d) = 0.
 ¤¢®å ®áâ ­­÷å à÷¢­ï­ì ¢¨¯«¨¢ õ, é®  ¡® b = c = 0 ,  ¡® a+ d = 0 .
ªé® b = c = 0 , â® ¢÷¤¯®¢÷¤­® § ¯¥àè®£® â  ¤àã£®£® à÷¢­ï­ì §­ å®-






















 ¢¨¯ ¤ªã a+ d = 0 ¤àã£¥ à÷¢­ï­­ï á¨áâ¥¬¨ §¡÷£ õâìáï § ¯¥àè¨¬ ÷ â®¤÷
á¨áâ¥¬  ­ ¡ã¤¥ â ª®£® ¢¨£«ï¤ã:{




 ¯¥àè®£® à÷¢­ï­­ï á¨áâ¥¬¨ §­ å®¤¨¬® a = ±
√
1− bc , bc < 1 .  ã¢ ¦¨-
¬®, é® ã ¢¨¯ ¤ªã b = c = 0 ®âà¨¬ õ¬® a = −d = ±1 , â®¡â® ¢¨à §¨ 3) ÷
4) ¡ã¤ãâì ¢ à÷ ­â ¬¨ à®§¢'ï§ª÷¢ ¤«ï X .









, bc < 1 .














®§¢'ï§ ­­ï.  ¤ ­®£® ¬ âà¨ç­®£® à÷¢­ï­­ï ¢¨¯«¨¢ õ, é® à®§¬÷à





, ¤¥ α ÷ β { ­¥¢÷¤®¬÷



















4α + 2β −2α− β
4α− 4β −2α + 2β
)
.
®à÷¢­îîç¨ ¥«¥¬¥­â¨ ®âà¨¬ ­®ù ¬ âà¨æ÷ § ¢÷¤¯®¢÷¤­¨¬¨ ¥«¥¬¥­â ¬¨
¬ âà¨æ÷ ¢ ¯à ¢÷© ç áâ¨­÷ à÷¢­ï­­ï, §­ å®¤¨¬® ­¥¢÷¤®¬÷ α ÷ β , ­ ¯à¨-
ª« ¤, § â ª®ù á¨áâ¥¬¨ à÷¢­ï­ì:{
4α + 2β = −2,
4α− 4β = −20,
⇒ β = 3, α = −2.
÷¤¯®¢÷¤ì: XT = (−2, 3) .
à¨ª« ¤ 5.3. ¨ ¬®¦«¨¢® ¯à¨ ¥«¥¬¥­â à­¨å ¯¥à¥â¢®à¥­­ïå ¬ â-
à¨æ÷ A §¬÷­¨â¨ à ­£ ¬ âà¨æ÷ A2 ?































































































®§¢'ï§ ­­ï. ÷¤áâ ¢¨¢è¨ ¬ âà¨æî A ¢ æ¥ ¬ âà¨ç­¥ à÷¢­ï­­ï,
®âà¨¬ õ¬®
A2 − (a+ d)A+ (ad− bc)E = Θ,(
a2 + bc ab+ bd



























é® ÷ âà¥¡  ¡ã«® ¤®¢¥áâ¨.
à¨ª« ¤ 5.6. ®§¢'ï§ â¨ à÷¢­ï­­ï X − AX = B , ïªé® A2 = Θ.
®§¢'ï§ ­­ï.  â®â®¦­®áâ÷ E = E2 − A2 ¢¨¯«¨¢ õ, é® (E − A)−1
÷á­ãõ ÷ ¤®à÷¢­îõ (E + A) . ¯à ¢¤÷,
E ≡ (E−A)(E+A), 1 = ∆(E) = ∆(E−A)∆(E+A) ⇒ (E−A)−1 = E+A.
®¤÷ § ¤ ­¥ à÷¢­ï­­ï ¬®¦­  à®§¢'ï§ â¨ â ª:
X(E − A) = B,
X = B(E − A)−1 = B(E + A),
X = B +BA.
÷¤¯®¢÷¤ì: X = B +BA .
à¨ª« ¤ 5.7. ¨ ÷á­ãîâì 2018 à÷§­¨å ¤÷©á­¨å ¬ âà¨æì
A1, A2, . . . , A2018 à®§¬÷à®¬ 3 × 3 , â ª¨å é® AiAj = Aj ¯à¨ ¡ã¤ì-ïª¨å
i, j .
































































®§¢'ï§ ­­ï.áª÷«ìª¨ AX = AXE , â® ¬ âà¨ç­¥ à÷¢­ï­­ï ­ ¡ã¢ õ
â ª®£® ¢¨£«ï¤ã:
AXB + AXE = E.
 «÷ ¯÷á«ï ¢¨­¥á¥­­ï á¯÷«ì­®£® ¬­®¦­¨ª  ¢ «÷¢÷© ç áâ¨­÷ à÷¢­ï­­ï § 
¤ã¦ª¨ ÷ ¬­®¦¥­­ï ®¡®å ç áâ¨­ ®âà¨¬ ­®£® à÷¢­ï­­ï á¯®ç âªã ­  A−1
(∆(A) 6= 0 ) §«÷¢ ,   ¯®â÷¬ ­  (B + E)−1 (∆(B + E) 6= 0 ) á¯à ¢  ®âà¨-
¬ õ¬®
AX(B + E) = E, X(B + E) = A−1, X = A−1(B + E)−1.
áª÷«ìª¨ ∆(A) = 4 ,   ∆(B + E) =
∣∣∣∣∣ 2 −12 0













































à¨ª« ¤ 5.9. ­ ©â¨ ¬ âà¨æî X § à÷¢­ï­­ï AX−5X = B , ïªé®
A ÷ B { § ¤ ­÷ ¬ âà¨æ÷ ¯®àï¤ªã n , ¯à¨ç®¬ã A3 = 5(A2 + E) , ¤¥ E {
®¤¨­¨ç­  ¬ âà¨æï.
®§¢'ï§ ­­ï. áª÷«ìª¨ A3 = 5(A2 + E) , â®




A2 { ®¡¥à­¥­  ¬ âà¨æï ¤® (A−5E) â  ÷§ § ¤ ­®£®
à÷¢­ï­­ï ¬ õ¬®:







à¨ª« ¤ 5.10. ­ ©â¨ à ­£ ¬ âà¨æ÷ A = (ai j) à®§¬÷à®¬ n × n
( n ≥ 3 ), ¤¥ ai j = i+ j − 2i j .
®§¢'ï§ ­­ï.  §­ ç¨¬®, é®
a1 j = 1 + j − 2j = 1− j,
a2 j = 2 + j − 4j = 2− 3j,
a3 j = 3 + j − 6j = 3− 5j = −(1− j) + 2(2− 3j) = −a1 j + 2a2 j.
®¢¥¤¥¬®, é® ai+2 j = −ai j + 2ai+1 j . ¯à ¢¤÷, ®áª÷«ìª¨
ai+1 j = i+ 1 + j − 2(i+ 1)j = i+ 1− j − 2i j,
â®
ai+2 j = i+ 2 + j − 2(i+ 2)j = i+ 2− 3j − 2i j =
= −(1 + i− 2i j) + 2(i+ 1− j − 2i j) = −ai j + 2ai+1 j.
 ª¨¬ ç¨­®¬, ª®¦­¨© àï¤®ª, ¯®ç¨­ îç¨ § âà¥âì®£®, õ «÷­÷©­®î ª®¬¡÷-
­ æ÷õî ¤¢®å ¯®¯¥à¥¤­÷å, ®â¦¥, ÷ ¤¢®å ¯¥àè¨å. áª÷«ìª¨ ¯¥àè÷ ¤¢  àï¤ª¨



























































«¥ ¢ ¤¥ïª¨å ¢¨¯ ¤ª å ¤®¡ãâ®ª ¬ âà¨æì §­ ç­® «¥£è¥ ¯÷¤­¥áâ¨ ¤®
áâ¥¯¥­ï, ­÷¦ ¯÷¤­¥áâ¨ ¤® áâ¥¯¥­ï ª®¦­¨© á¯÷¢¬­®¦­¨ª.  ª, ïªé® B
{ ­¥¢¨à®¤¦¥­  ¬ âà¨æï, â®
(BAB−1)n = BAB−1 ·BAB−1 . . . BAB−1︸ ︷︷ ︸
n




































































































































à¨ª« ¤ 5.12. ¥å © A , E , Θ { ¬ âà¨æ÷ à®§¬÷à®¬ n × n ( E
{ ®¤¨­¨ç­ , Θ { ­ã«ì®¢ ) i Ak = Θ ¯à¨ ¤¥ïª®¬ã k > 1 . ®¢¥áâ¨, é®
(E − A)−1 ÷á­ãõ ÷ ¢¨à §¨â¨ ùù ç¥à¥§ A .
®§¢'ï§ ­­ï.  ã¬®¢¨ § ¤ ç÷ ¢¨¯«¨¢ õ â®â®¦­÷áâì E = Ek − Ak ,
§¢÷¤ª¨ ¬ õ¬®
E = (E − A)(Ek−1 + AEk−2 + · · ·+ Ak−2E + Ak−1) =
= (E − A)(E + A+ A2 + · · ·+ Ak−1),
∆(E) = ∆(E − A)∆(E + A+ A2 + · · ·+ Ak−1),
1 = ∆(E − A)∆(E + A+ A2 + · · ·+ Ak−1).
¥ ®§­ ç õ, é® ∆(E − A) 6= 0 , â®¡â® ¬ âà¨æï E − A ­¥¢¨à®¤¦¥­  ÷
(E − A)−1 = (E + A+ A2 + · · ·+ Ak−1).
÷¤¯®¢÷¤ì: (E − A)−1 = (E + A+ A2 + · · ·+ Ak−1).
à¨ª« ¤ 5.13. ­ ©â¨ ¬ âà¨æ÷ X i Y ÷§ á¨áâ¥¬¨ ¬ âà¨ç­¨å
à÷¢­ï­ì {
aX + bY = A,
cX + dY = B,
ïªé® abcd 6= 0 , A i B | ¬ âà¨æ÷ à®§¬÷à®¬ n× n .
®§¢'ï§ ­­ï. ®§¢'ï¦¥¬® § ¤ ­ã á¨áâ¥¬ã ¬¥â®¤®¬ ¢¨ª«îç¥­­ï
®¤­÷õù § ¬ âà¨æì. «ï æì®£® ¯®¬­®¦¨¬® à÷¢­ï­­ï á¨áâ¥¬¨ ¢÷¤¯®¢÷¤­® ­ 
108
108
(−c) i a ,   ¯®â÷¬ ùå ¤®¤ ¬®.  õ¬®:{
−acX − bcY = −cA,
















= k ÷ á¨áâ¥¬  ­ ¡ã¤¥ â ª®£® ¢¨£«ï¤ã:{
ckX + dkY = A,
cX + dY = B.





¤¥ X { ¤®¢÷«ì­  ¬ âà¨æï à®§¬÷à®¬ n× n .











®§¢'ï§ ­­ï. ­ ©¤¥¬® ¤¥ª÷«ìª  ¯¥àè¨å áâ¥¯¥­¥© ¬ âà¨æ÷ A : A2 ,






















A3 = A2A =

























An = An−1A =





















¡® 2n−1 + 2n−2 + · · ·+ 1 = 2n − 1 .
÷¤¯®¢÷¤ì:









®§¢'ï§ ­­ï.  ã¬®¢¨ â  ®§­ ç¥­­ï ®¡¥à­¥­®ù ¬ âà¨æ÷ ¢¨¯«¨¢ õ, é®
2X−1 · 2X2 = E,
































®§¢'ï§ ­­ï. áª÷«ìª¨ § ¤ ­  ¬ âà¨æ A ¬®¦¥ ¡ãâ¨ § ¯¨á ­  ã
¢¨£«ï¤÷
A =








â®, áª®à¨áâ ¢è¨áì ä®à¬ã«®î (¯à¨ª« ¤ 11, ¬¥â®¤ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù)
An =




















































à¨ª« ¤ 5.17. ®¢¥áâ¨, é® à÷¢­ï­­ï X2−5X+4E = Θ ­  ¬­®¦¨­÷
ª¢ ¤à â­¨å ¬ âà¨æì ¯®àï¤ªã 2018 ¬ õ ¯à¨­ ©¬­÷ 22018 à®§¢'ï§ª÷¢.
®§¢'ï§ ­­ï. ãª õ¬® X ã ¢¨£«ï¤÷ ¤÷ £®­ «ì­®ù ¬ âà¨æ÷
X = diag{x1, x2, . . . , x2018} . ®¤÷ x2i − 4xi + 4 = 0 ÷ xi = 4  ¡® xi = 1
(i = 1, 2, . . . , 2018) . ÷§­¨å ã¯®àï¤ª®¢ ­¨å §÷¡à ­ì â ª¨å ç¨á¥«,   ®â¦¥, ÷
à÷§­¨å ¬ âà¨æì { 22018 .
à¨ª« ¤ 5.18. ­ ©â¨ lim
n→∞
Ann , ïªé® An =
 sin 1n sin 1n
1 1
 .





 sin 1n sin 1n
1 1



































) sin 1n sin 1n
1 1

















































ã ª« á÷ ¤÷©á­¨å ¬ âà¨æì à®§¢'ï§ª÷¢ ­¥ ¬ õ.
®§¢'ï§ ­­ï. ÷á«ï ®ç¥¢¨¤­¨å ¯¥à¥â¢®à¥­ì ¬ õ¬®:
X2 + 4X + A = X2 + 4EX + 4E2 − 4E2 + A = Θ,
(X + 2E)2 = 4E − A,
∆2(X + 2E) = ∆(4E − A).
112
112
÷¢  ç áâ¨­  ®áâ ­­ì®ù ç¨á«®¢®ù à÷¢­®áâ÷ ­¥¢÷¤®¬ ,   ¯à ¢ 





∣∣∣∣∣∣∣∣ = −40 < 0,
é® ­¥¬®¦«¨¢®, ¡® ∆2(X + 2E) ≥ 0 .
 ª¨¬ ç¨­®¬, § ¤ ­¥ à÷¢­ï­­ï ¢ ª« á÷ ¤÷©á­¨å ¬ âà¨æì à®§¢'ï§ª÷¢ ­¥
¬ õ.
à¨ª« ¤ 5.20. ¥å © A { ¬ âà¨æï à®§¬÷à®¬ n × n ÷ A3 = Θ .
®¢¥áâ¨, é® ÷á­ãõ ¬ âà¨æï X â ª , é® X3 = E + A .
®§¢'ï§ ­­ï.  âà¨æî ¡ã¤¥¬® èãª â¨ ¢ â ª®¬ã ¢¨£«ï¤÷
X = E + αA+ βA2,
¤¥ α ÷ β { ­¥¢÷¤®¬÷ ª®¥ä÷æ÷õ­â¨. ÷á«ï ¯÷¤áâ ­®¢ª¨ §­ ç¥­­ï X ¢
à÷¢­ï­­ï X3 = E + A ÷ ¯÷¤­¥á¥­­ï ¤® ªã¡ã «÷¢®ù ç áâ¨­¨ à÷¢­ï­­ï,  
â ª®¦ áª®à¨áâ ¢è¨áì ä®à¬ã«®î (a + b)3 = a3 + b3 + 3ab(a + b) , ®âà¨-
¬ õ¬® (
E + αA+ βA2
)3
= E + A,
(E + αA)3 + β3A6 + 3(E + αA)βA2(E + αA+ βA2) = E + A,
E + 3αEA+ 3α2A2 + 3βA2(E + αA+ βA2) = E + A,
3αA+ 3α2A2 + 3βA2 = A,
§¢÷¤ª¨ §­ å®¤¨¬® α =
1
3
, β = −1
9
.
â¦¥, ¬ âà¨æï, ïª  § ¤®¢®«ì­ïõ ã¬®¢ã § ¤ ç÷ ÷á­ãõ ÷ ¬ õ â ª¨© ¢¨-



































































A2 = E + A.

















































































































































































































































































A4 = A5 = · · · = A18 = Θ.




















































































































sin nπ6 = 0,
cos nπ6 = 1,
⇒ n = 12k, k ∈ N.








































an 1/3 an + bn 1/2 an + 1/5 bn + cn
0 an 1/5 an + dn
0 0 an
 .
¢÷¤á¨ ®âà¨¬ãõ¬® â ªã á¨áâ¥¬ã
an+1 = an,
bn+1 = 1/3 an + bn,
cn+1 = 1/2 an + 1/5 bn + cn,




bn+1 − bn = 1/3,
cn+1 − cn = 1/2 + 1/5 bn,








cn+1 − cn = 1/2 + n/15,
dn = n/5.
 à÷¢­ï­­ï cn+1 − cn = 1/2 + n/15 §­ ©¤¥¬® cn .  õ¬®














. . . ,










































0 0 2 · 32
0 32 0




0 0 2 · 32
0 32 0








−2 · 33 0 2 · 33
0 33 0






−2 · 33 0 2 · 33
0 33 0








−4 · 34 0 0
0 34 0
0 0 −4 · 34
 .
¥¢ ¦ª® ¯¥à¥ª®­ â¨áì, é® ¬­®¦¥­­ï ¤÷ £®­ «ì­¨å ¬ âà¨æì §¢®¤¨âìáï







21008 · 32016 0 0
0 32016 0




0 0 2 · 32
0 32 0




0 0 21009 · 32018
0 32018 0



































































A3 = A4 = · · · = A100 = Θ.










































, |c| < 1 .
®§¢'ï§ ­­ï. ­ ©¤¥¬® ¤¥ª÷«ìª  ¯¥àè¨å áâ¥¯¥­¥© § ¤ ­®ù ¬ âà¨æ÷:









































An = An−1A =























































































































A4 = A5 = · · · = An = Θ.

































































à¨ª« ¤ 5.32. ®¢¥áâ¨, é® ª¢ ¤à â­  ¬ âà¨æï 2-£® ¯®àï¤ªã
A =
 a1 1 a1 2
a2 1 a2 2

ª®¬ãâ â¨¢­  (¯¥à¥áâ ¢­ ) § ¬ âà¨æ¥î B =
 b1 1 b1 2
b2 1 b2 2
 â®¤÷ © â÷«ìª¨
â®¤÷, ª®«¨ ¢¥ªâ®à-áâ®¢¯æ÷ X =

a1 1 − a2 2
a1 2
a2 1
 ÷ Y =








 a1 1b1 1 + a1 2b2 1 a1 1b1 2 + a1 2b2 2




 a1 1b1 1 + a2 1b1 2 a1 2b1 1 + a2 2b1 2
a1 1b2 1 + a2 1b2 2 a1 2b2 1 + a2 2b2 2





a1 1b1 1 + a1 2b2 1 = a1 1b1 1 + a2 1b1 2
a1 1b1 2 + a1 2b2 2 = a1 2b1 1 + a2 2b1 2
a2 1b1 1 + a2 2b2 1 = a1 1b2 1 + a2 1b2 2
a2 1b1 2 + a2 2b2 2 = a1 2b2 1 + a2 2b2 2
⇒
 a1 2b2 1 = a2 1b1 2a1 2(b1 1 − b2 2) = b1 2(a1 1 − a2 2) ⇒
⇒ a1 1 − a2 2







































2an + 4cn 3an + 2cn
2bn + 4dn 3bn + 2dn
)
.
¢÷¤á¨ ®âà¨¬ãõ¬® â ªã á¨áâ¥¬ã
an+1 = 2an + 4cn,
bn+1 = 2bn + 4dn,
cn+1 = 3an + 2cn,
dn+1 = 3bn + 2dn.
®á«÷¤®¢­® áª®à¨áâ ¢è¨áì ¤àã£¨¬ ÷ ç¥â¢¥àâ¨¬ à÷¢­ï­­ï¬¨ æ÷õù á¨áâ¥¬¨,
®âà¨¬ õ¬®
bn+2 = 2bn+1 + 4dn+1 = 2bn+1 + 4(3bn + 2dn) =
= 2bn+1 + 12bn + 2(bn+1 − 2bn) = 4bn+1 + 8bn,
â®¡â® {bn}n∈N { §¢®à®â­ï ¯®á«÷¤®¢­÷áâì ¤àã£®£® ¯®àï¤ªã. áª÷«ìª¨
λ1 = 2(1 +
√
3) i λ2 = 2(1−
√
3)








¤¥ ª®¥ä÷æ÷õ­â¨ B1 ÷ B2 ¢¨§­ ç îâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì{





2 = b2 = 2b1 + 4d1,
=⇒
{

















­ «®£÷ç­® â®¬ã, ïª ¡ã«® ¢¨§­ ç¥­® ¯®á«÷¤®¢­÷áâì {bn}n∈N , ¡ã¤¥¬®
èãª â¨ ¯®á«÷¤®¢­÷áâì {cn}n∈N , ¢¨ª®à¨áâ®¢ãîç¨ ¯¥àèã â  âà¥âî à÷¢­®áâ÷
á¨áâ¥¬¨.  ª¨¬ ç¨­®¬, cn+2 = 4cn+1 + 8cn ,   {cn}n∈N { §¢®à®â­ï
¯®á«÷¤®¢­÷áâì ¤àã£®£® ¯®àï¤ªã. áª÷«ìª¨ λ1 = 2(1+
√
3) ÷ λ2 = 2(1−
√
3)






¤¥ ª®¥ä÷æ÷õ­â¨ §­ å®¤ïâìáï ÷§ á¨áâ¥¬¨ à÷¢­ï­ì{





2 = c2 = 3a1 + 2c1,
=⇒
{




















































16− 8 + 8
√
3





















































bn+2 − 2bn+1 − bn = 0,
dn+1 = bn,
,
λ2 − 2λ− 1 = 0 ⇒
{









































































































 = Θ, A4 = A5 = · · · = A30 = Θ.





















































, ϕ ∈ R.
®§¢'ï§ ­­ï. ª®à¨áâ ¢è¨áì à¥§ã«ìâ â®¬, ïª¨© ¡ã«® ®âà¨¬ ­® ¯à¨










































































































































¤¨¢¨â¨áì, ïª ­  ÷­â¥£à «ì­÷ áã¬¨, £à ­¨æ÷ ïª¨å ¯à¨ n→∞ ¤®à÷¢-





































































































A4 = A5 = · · · = An = Θ.





































































à¨ª« ¤ 5.38. ¥å © ¬ âà¨æï n × n â ª , é® A2 = 5A . ª÷
§­ ç¥­­ï ¬®¦¥ ­ ¡ã¢ â¨ ¢¨§­ ç­¨ª 5E − A ?
®§¢'ï§ ­­ï. ¥å © ∆ = ∆(5E − A) . ®¤÷
(5E − A2) = 25E − 10A+ A2 = 25E − 5A = 5(5E − A),
§¢÷¤ª¨ ¬ õ¬®
∆2 = ∆(5E)∆,
∆ (∆−∆(5E))) = 0.
÷¤¯®¢÷¤ì: §­ ç¥­­ï èãª ­®£® ¢¨§­ ç­¨ª  ¤®à÷¢­îõ 0  ¡® 5n .
à¨ª« ¤ 5.39. ®¢¥áâ¨, é® ÷á­ãõ â®çª  c ∈ (0, 1) , ã ïª÷© äã­ªæ÷ï
f(x) =
∣∣∣∣∣∣∣∣∣
x2 + 1 (x− 1)2 2x+ 1
3x− 1 3x+ 2 x+ 4
1 1 x2 + 1
∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣
x+ 1 x2 3x+ 1
3x− 1 (x+ 1)2 4x





®§¢'ï§ ­­ï. ®§­ ç¨¬® ¯¥àè¨© ¢¨§­ ç­¨ª ç¥à¥§ ∆1(x) ,   ¤àã£¨©












â® f(0) = ∆1(0)∆2(0) = 0 ÷ f(1) = ∆1(1)∆2(1) = 0 . ®¤÷ §  â¥®à¥¬®î
®««ï ÷á­ãõ â®çª  c ∈ (0, 1) â ª , é® f ′(c) = 0 . â¦¥, ã â®çæ÷ (c, f(c))
äã­ªæ÷ï f(x) ¬ õ £®à¨§®­â «ì­ã ¤®â¨ç­ã.
à¨ª« ¤ 5.40. ª¨© ¯®àï¤®ª ¬ âà¨æ÷ A , ïªé® ∆(A) = 2 i
∆(A3) + ∆(2A) = ∆(3A)− 414?
®§¢'ï§ ­­ï. ®§­ ç¨¬® ç¥à¥§ x ¯®àï¤®ª ¬ âà¨æ÷. ®¤÷ ÷§ § ¤ ­®ù
à÷¢­®áâ÷, ¢à å®¢ãîç¨ ã¬®¢ã ∆(A) = 2 ÷ ¢« áâ¨¢®áâ÷ ¢¨§­ ç­¨ª , ®âà¨-
¬ õ¬® â ª¥ à÷¢­ï­­ï ÷ à®§¢'ï¦¥¬® ©®£®:
8 + 2x · 2 = 3x · 2− 414
3x − 2x = 211
x = 5.
÷¤¯®¢÷¤ì: 5.
à¨ª« ¤ 5.41. ®¢¥áâ¨, é® ¢á÷ 6 ¤®¤ ­ª÷¢ ã à®§ª« ¤÷ ¢¨§­ ç­¨ª  3-











= a11a22a33 + a13a21a32 + a12a23a31−
− a13a22a31 − a11a23a32 − a12a21a33









â¦¥, ®âà¨¬ ­  áã¯¥à¥ç­÷áâì ¤®¢®¤¨âì § ¤ ­¥ â¢¥à¤¦¥­­ï.
à¨ª« ¤ 5.42. ¥ ­  ¯«®é¨­÷ aO b ¯®¢¨­­÷ §­ å®¤¨â¨áï â®çª¨
(a, b) , é®¡ á¨áâ¥¬  à÷¢­ï­ì
bx+ y − az = c1,
a(x+ y) + bz = c2,
x+ y + az = c3,
¬ «  õ¤¨­¨© à®§¢'ï§®ª ¯à¨ ¡ã¤ì-ïª¨å c1, c2, c3 ∈ R ?








b− 1 1 −a
0 a b
0 1 a




∣∣∣∣∣∣ = (b− 1)(a2 − b).
¢÷¤á¨ ¢¨¯«¨¢ õ, é® á¨áâ¥¬  ¡ã¤¥ ¬ â¨ õ¤¨­¨© à®§¢'ï§®ª ¯à¨ b 6= 1 â 
b 6= a2, â®¡â® â®çª¨ (a, b) § ¯®¢­îîâì ¢áî ¯«®é¨­ã, ªà÷¬ â®ç®ª ¯ à ¡®-
«¨ b = a2 ÷ ¯àï¬®ù b = 1 .
÷¤¯®¢÷¤ì.   ¢á÷© ¯«®é¨­÷ aO b , ªà÷¬ â®ç®ª ­  ¯ à ¡®«÷ b = a2 ÷
¯àï¬÷© b = 1 .
à¨ª« ¤ 5.43. ¥ ®¡ç¨á«îîç¨ ¢¨§­ ç­¨ª ∆ , ¤®¢¥áâ¨, é® ¢÷­
133
133
¤÷«¨âìáï ­  29, ¤¥
∆ =
∣∣∣∣∣∣∣∣∣∣∣
1 3 6 3
1 7 6 9
2 0 5 9
2 3 4 9
∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ¥à¥¬­®¦¨¬® ¢÷¤¯®¢÷¤­® ¯¥àè¨©, ¤àã£¨© ÷ âà¥â÷©
áâ®¢¯æ÷ ­  1000, 100, 10 ÷ ¤®¤ ¬® ¤® ç¥â¢¥àâ®£® áâ®¢¯æï. âà¨¬ õ¬® ¢¨-
§­ ç­¨ª, ã ïª®£® ¢ ®áâ ­­ì®¬ã áâ®¢¯æ÷ ¢á÷ ¥«¥¬¥­â¨ ¡ã¤ãâì ¬ â¨ á¯÷«ì­¨©
¬­®¦­¨ª 29.
à¨ª« ¤ 5.44. á÷ ¥«¥¬¥­â¨ ¬ âà¨æ÷ 21×21 | æ÷«÷ ç¨á« . ÷¤®¬®,
é® 422 § ­¨å ¬ îâì ®¤­ ª®¢¨© § «¨è®ª ¢÷¤ ¤÷«¥­­ï ­  17. ®¢¥áâ¨, é®
¢¨§­ ç­¨ª æ÷õù ¬ âà¨æ÷ õ ªà â­¨© 17.
®§¢'ï§ ­­ï. âà¨æï ¬ õ 441 ¥«¥¬¥­â, ®¤­ ª â÷«ìª¨ 19 ¬ îâì à÷§­÷
§ «¨èª¨.   ¯à¨­æ¨¯®¬ ÷à÷å«¥, ÷á­ãîâì å®ç  ¡ ¤¢  àï¤ª¨ ¬ âà¨æ÷, ãá÷
¥«¥¬¥­â¨ ïª¨å ¬ îâì ®¤­ ª®¢¨© § «¨è®ª ¢÷¤ ¤÷«¥­­ï ­  17. ÷¤­÷¬¥¬®
®¤¨­ àï¤®ª ¢÷¤ ¤àã£®£® â  ®âà¨¬ õ¬® àï¤®ª, ãá÷ ¥«¥¬¥­â¨ ïª®£® ¤ îâì
§ «¨è®ª ­ã«ì ¯à¨ ¤÷«¥­­÷ ­  17. â¦¥, ¢¨§­ ç­¨ª æ÷õù ¬ âà¨æ÷ ¡ã¤¥ ªà â-
­¨© 17.
à¨ª« ¤ 5.45. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣
z z2 . . . z199 z200
z2 z3 . . . z200 z
. . . . . . . . . . . . . . .






®§¢'ï§ ­­ï. ®¬­®¦¨¬® ¯¥àè¨© àï¤®ª ­  −z ÷ ¤®¤ ¬® ¤®
134
134
¤®ã£®£®. ®¤÷ ¢¨§­ ç­¨ª ­ ¡ã¤¥ â ª®£® ¢¨£«ï¤ã:
∆(z) =
∣∣∣∣∣∣∣∣∣∣∣
z z2 . . . z199 z200
0 0 . . . 0 z(1− z200)
. . . . . . . . . . . . . . .
z200 z . . . z198 z199
∣∣∣∣∣∣∣∣∣∣∣
.



























à¨ª« ¤ 5.46. ¥å © A { ¤®¢÷«ì­  ª¢ ¤à â­  ¬ âà¨æï à®§¬÷à®¬
n×n ÷ I { ª¢ ¤à â­  ¬ âà¨æï â ª¨¬ á ¬¨¬ à®§¬÷à®¬, ãá÷ ¥«¥¬¥­â¨ ïª®ù
¤®à÷¢­îîâì 1. ®¢¥áâ¨, é® ∆(A + I) = ∆(A) â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨








a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .
an1 an2 . . . ann
 , I =

1 1 . . . 1
1 1 . . . 1
. . . . . . . . . . . .
1 1 . . . 1

{ § ¤ ­÷ ¬ âà¨æ÷. ®¤÷ ¢¨§­ ç­¨ª ¬ âà¨æ÷ A+ I ¬ õ â ª¨© ¢¨£«ï¤:
∆(A+ I) =
∣∣∣∣∣∣∣∣∣∣∣
a11 + 1 a12 + 1 . . . a1n + 1
a21 + 1 a22 + 1 . . . a2n + 1
. . . . . . . . . . . .





¥© ¢¨§­ ç­¨ª § ¯¨è¥¬® ïª áã¬ã ¤¢®å ¢¨§­ ç­¨ª÷¢:
∆(A+ I) =
∣∣∣∣∣∣∣∣∣∣∣
a11 a12 + 1 . . . a1n + 1
a21 a22 + 1 . . . a2n + 1
. . . . . . . . . . . .




1 a12 + 1 . . . a1n + 1
1 a22 + 1 . . . a2n + 1
. . . . . . . . . . . .
1 an2 + 1 . . . ann + 1
∣∣∣∣∣∣∣∣∣∣∣
.
 ¤àã£®¬ã ¢¨§­ ç­¨ªã ¢÷¤­÷¬¥¬® ¢÷¤ ª®¦­®£® áâ®¢¯æï, ¯®ç¨­ îç¨
§ ¤àã£®£®, ¯¥àè¨© áâ®¢¯¥æì. ¥àè¨© ¢¨§­ ç­¨ª, ïª à®¡¨«®áï ¢¨é¥,
à®§ª« ¤¥¬® ­  áã¬ã ¤¢®å ¢¨§­ ç­¨ª÷¢
∆(A+ I) =
∣∣∣∣∣∣∣∣∣∣∣
a11 a12 . . . a1n
a21 a22 . . . a2n
. . . . . . . . . . . .




1 a12 . . . a1n
1 a22 . . . a2n
. . . . . . . . . . . .




a11 1 . . . a1n
a21 1 . . . a2n
. . . . . . . . . . . .
an1 1 . . . ann
∣∣∣∣∣∣∣∣∣∣∣
+
+ · · ·+
∣∣∣∣∣∣∣∣∣∣∣
a11 a12 . . . 1
a21 a22 . . . 1
. . . . . . . . . . . .
an1 an2 . . . 1
∣∣∣∣∣∣∣∣∣∣∣
.
¥àè¨© ¢¨§­ ç­¨ª áã¬¨ | æ¥ ∆(A) . ®§ª« ¤¥¬® ª®¦¥­ ¢¨§­ ç­¨ª ®â-
à¨¬ ­®ù áã¬¨, ¯®ç¨­ îç¨ § ¤àã£®£®, §  ¥«¥¬¥­â ¬¨ ¯¥àè®£® áâ®¢¯æï, ã
ïª®¬ã áâ®ïâì ®¤¨­¨æ÷. ®¤÷∣∣∣∣∣∣∣∣∣∣∣
1 a12 . . . a1n
1 a22 . . . a2n
. . . . . . . . . . . .







a11 1 . . . a1n
a21 1 . . . a2n
. . . . . . . . . . . .





A2j, . . . ,
∣∣∣∣∣∣∣∣∣∣∣
a11 a12 . . . 1
a21 a22 . . . 1
. . . . . . . . . . . .








¤¥ Aij {  «£¥¡à ùç­¥ ¤®¯®¢­¥­­ï ¥«¥¬¥­â  aij . â¦¥,






  æ¥ ®§­ ç õ, é® ∆(A+I) = ∆(A) â®¤÷ © â÷«ìª¨ â®¤÷, ª®«¨
∑n
i,j=1Aij = 0 .
à¨ª« ¤ 5.47. ¥å © A { ­¥¢¨à®¤¦¥­  ¬ âà¨æï. ®¢¥áâ¨, é®
∆ =
∣∣∣∣∣∣∣∣∣∣∣
a1 a2 a3 a4
−a2 a1 −a4 a3
−a3 a4 a1 −a2












A · AT =

a1 a2 a3 a4
−a2 a1 −a4 a3
−a3 a4 a1 −a2
−a4 −a3 a2 a1


a1 −a2 −a3 −a4
a2 a1 a4 −a3
a3 −a4 a1 a2






























é® ÷ âà¥¡  ¡ã«® ¤®¢¥áâ¨.
à¨ª« ¤ 5.48. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª n -£® ¯oàï¤ªã
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
. . . . . . . . . . . . . . .





®§¢'ï§ ­­ï. ®¤ ¬® ¢á÷ àï¤ª¨ ¤® ¯¥àè®£®.  õ¬®
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣
n− 1 n− 1 n− 1 . . . n− 1
1 0 1 . . . 1
1 1 0 . . . 1
. . . . . . . . . . . . . . .




1 1 1 . . . 1
1 0 1 . . . 1
1 1 0 . . . 1
. . . . . . . . . . . . . . .
1 1 1 . . . 0
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
÷á«ï ¢÷¤­÷¬ ­­ï ¯¥àè®£® àï¤ª  ¢÷¤ ÷­è¨å ®âà¨¬ õ¬®
∆n = (n− 1)
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1 . . . 1
0 −1 0 . . . 0
0 0 −1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . −1
∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n(n− 1).
÷¤¯®¢÷¤ì: (−1)n(n− 1) .
à¨ª« ¤ 5.49. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 a1 a2 . . . an
1 a1 + b1 a2 . . . an
1 a1 a2 + b2 . . . an
. . . . . . . . . . . . . . .
1 a1 a2 . . . an + bn
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ÷¤­ï¢è¨ ¯¥àè¨© àï¤®ª ¢÷¤ à¥èâ¨, ®âà¨¬ õ¬®
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 a1 a2 . . . an
0 b1 0 . . . 0
0 0 b2 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . bn
∣∣∣∣∣∣∣∣∣∣∣∣∣
= b1b2 . . . bn.
÷¤¯®¢÷¤ì: ∆ = b1b2 . . . bn.
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à¨ª« ¤ 5.50. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
a1 a2 a3 . . . an
−x1 x2 0 . . . 0
0 −x2 x3 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . xn
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï.  i -£® áâ®¢¯æï ¢¨­¥á¥¬® §  §­ ª ¢¨§­ ç­¨ª  xi ÷ ¤®
ª®¦­®£® áâ®¢¯æï ¤®¤ ¬® à¥èâã áâ®¢¯æ÷¢:











−1 1 0 . . . 0
0 −1 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
























0 1 0 . . . 0
0 0 1 . . . 0
. . . . . . . . . . . . . . .
0 0 0 . . . 1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=











1 0 . . . 0
0 1 . . . 0
. . . . . . . . . . . .
0 0 . . . 1
∣∣∣∣∣∣∣∣∣∣∣
=
























à¨ª« ¤ 5.51. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
2 −1 3 4 −5
4 −2 7 8 −7
−6 4 −9 −2 3
3 −2 4 1 −2
−2 6 5 4 −3
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ¡ç¨á«¨¬® æ¥© ¢¨§­ ç­¨ª, áª®à¨áâ ¢è¨áì â¥®à¥¬®î
 ¯« á . «ï æì®£® á¯®ç âªã, é®¡ §¬¥­è¨â¨ ®¡'õ¬ ®¡ç¨á«¥­ì, ¢¨ª®­ õ¬®
â ª÷ ¯¥à¥â¢®à¥­­ï: § ¤àã£®£® àï¤ª  ¢÷¤­÷¬¥¬® ¯®¤¢®õ­¨© ¯¥àè¨©,   ¤®
âà¥âì®£® ¤®¤ ¬® ¯®¤¢®õ­¨© ç¥â¢¥àâ¨©.  õ¬®:
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
2 −1 3 4 −5
0 0 1 0 3
0 0 −1 0 −1
3 −2 4 1 −2
−2 6 5 4 −3
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
 æì®¬ã ¢¨§­ ç­¨ªã ¢¨¤÷«¨¬® 2 ÷ 3 àï¤ª¨ â  ãâ¢®à¨¬® ¢á÷«ïª÷ ¬÷­®à¨
¤àã£®£® ¯®àï¤ªã § ¥«¥¬¥­â÷¢ æ¨å àï¤ª÷¢. ¥à¥¤ æ¨å ¬÷­®à÷¢ â÷«ìª¨ ®¤¨­
­¥ ¤®à÷¢­îõ ­ã«î, â®¡â®
M1 =
∣∣∣∣∣ 1 3−1 −1
∣∣∣∣∣ = 2 6= 0,












∣∣∣∣∣ −1 −710 28
∣∣∣∣∣ = −42.
®¤÷, áª®à¨áâ ¢è¨áì â¥®à¥¬®î  ¯« á , ¬ õ¬®
∆ = M1A1 = 2(−42) = −84.
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÷¤¯®¢÷¤ì: ∆ = −84 .
à¨ª« ¤ 5.52. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
7 1 1 2 −1 −2 4 −1
5 4 4 3 2 3 −1 2
10 6 4 2 −1 −2 9 −4
7 3 4 5 1 3 −1 2
7 2 −2 3 2 −2 4 −1
11 1 −1 2 −1 −4 8 −2
4 4 7 3 2 6 −2 4
12 1 1 2 −1 −2 9 −4
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.




7 1 1 2 −1 −2 4 −1
19 6 6 7 0 −1 −7 0
3 5 3 0 0 0 5 −3
14 4 5 7 0 1 3 1
21 4 0 7 0 −6 12 −3
4 0 −2 0 0 −2 4 −1
18 6 9 7 0 2 6 2




19 6 6 1 −1 −7 0
3 5 3 0 0 5 −3
14 4 5 1 1 3 1
21 4 0 1 −6 12 −3
4 0 −2 0 −2 4 −1
18 6 9 1 2 6 2





1 0 −3 0 −3 1 −2
3 5 3 0 0 5 −3
−4 −2 −4 0 −1 −3 −1
3 2 −9 0 −8 6 −5
4 0 −2 0 −2 4 −1
18 6 9 1 2 6 2




1 0 −3 −3 1 −2
3 5 3 0 5 −3
4 2 4 1 3 1
3 2 −9 −8 6 −5
4 0 −2 −2 4 −1







13 6 9 0 10 1
3 5 3 0 5 −3
4 2 4 1 3 1
35 14 23 0 30 3
12 4 6 0 10 1




13 6 9 10 1
3 5 3 5 −3
35 14 23 30 3
12 4 6 10 1





13 6 9 2 1
3 5 3 1 −3
35 14 23 6 3
12 4 6 2 1




13 6 9 2 1
−2 5 3 0 0
40 14 23 7 0
−1 −2 −3 0 0





−2 5 3 0
40 14 23 1
1 2 3 0




−2 5 3 0
40 14 23 1
1 2 3 0








∣∣∣∣∣∣∣∣ = 980(−4 + 3 + 15− 6 + 6− 5) = 980 · 9 = 8820.
÷¤¯®¢÷¤ì: ∆ = 8820 .
à¨ª« ¤ 5.53. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª n -£® ¯®àï¤ªã ∆n , ¥«¥¬¥­â¨
ïª®£® aik , i, k = 1, n ¬ îâì ¢¨£«ï¤
aik = 1 + xiyk.






1 + x1y1 1 + x1y2 . . . 1 + x1yn
1 + x2y1 1 + x2y2 . . . 1 + x2yn
. . . . . . . . . . . .
1 + xny1 1 + xny2 . . . 1 + x2yn
∣∣∣∣∣∣∣∣∣∣∣
.
÷¤­÷¬ îç¨ ¯¥àè¨© áâ®¢¯¥æì ¢÷¤ à¥èâ¨ áâ®¢¯æ÷¢ ÷ ¤ «÷, ª®à¨áâãîç¨áì
¢« áâ¨¢®áâï¬¨ ¢¨§­ ç­¨ª÷¢, ®âà¨¬ õ¬®, é®
∆n =
∣∣∣∣∣∣∣∣∣∣∣
1 + x1y1 x1(y2 − y1) . . . x1(yn − y1)
1 + x2y1 x2(y2 − y1) . . . x2(yn − y1)
. . . . . . . . . . . .
1 + xny1 xn(y2 − y1) . . . xn(yn − y1)
∣∣∣∣∣∣∣∣∣∣∣
=
= (y2 − y1)(y3 − y1) . . . (yn − y1)
∣∣∣∣∣∣∣∣∣∣∣
1 + x1y1 x1 . . . x1
1 + x2y1 x2 . . . x2
. . . . . . . . . . . .
1 + xny1 xn . . . xn
∣∣∣∣∣∣∣∣∣∣∣
=
= (y2 − y1)(y3 − y1) . . . (yn − y1)
∣∣∣∣∣∣∣∣∣∣∣
1 + x1y1 x1 0 . . . 0
1 + x2y1 x2 0 . . . 0
. . . . . . . . . . . . . . .
1 + xny1 xn 0 . . . 0
∣∣∣∣∣∣∣∣∣∣∣
.
¢÷¤á¨ ¬ õ¬®, é® ∆1 = 1 + x1y1 , ∆2 = (y2 − y1)(x2 − x1) , a ∆n = 0 ¯à¨
n > 2 .
÷¤¯®¢÷¤ì: ∆1 = 1 + x1y1 , ∆2 = (y2 − y1)(x2 − x1) , a ∆n = 0 ¯à¨
n > 2 .
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à¨ª« ¤ 5.54. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª 2018 ¯®àï¤ªã
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2 cosx 1 0 0 0 . . . 0 0 0
1 2 cos x 1 0 0 . . . 0 0 0
0 1 2 cosx 1 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 0 . . . 1 2 cosx 1
0 0 0 0 0 . . . 0 1 2 cosx
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ¥å © ∆n { § ¤ ­¨© ¢¨§­ ç­¨ª n -£® ¯®àï¤ªã. à¨
x 6= πk , k ∈ Z ¬ õ¬®




∆2 = 4 cos
2 x− 1 = 2 cosxsin 2x
sinx










à¨¯ãáâ¨¬®, é® ∆n =
sin(n+ 1)x
sinx
¤«ï ª®¦­®£® n ≥ 1 ¯à¨ ¢á÷å x 6= πk ,
k ∈ Z . ®§ª« ¢è¨ ∆n+1 ¯® ¯¥àè®¬ã àï¤ªã, ¬ õ¬®







2 cosx sin(n+ 1)x− sinnx
sinx
=






â¦¥, ¬¥â®¤®¬ ¬ â¥¬ â¨ç­®ù ÷­¤ãªæ÷ù ¤®¢¥«¨, é® ¤«ï ª®¦­®£® n ≥ 1 ÷





















÷¤¯®¢÷¤ì: ¤«ï n = 2018 ®âà¨¬ õ¬®:
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x = πk , k ∈ Z ∆2018 = 2019 .
à¨ª« ¤ 5.55. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣
sinα cos(α + δ) sin(α + δ)
sin β cos(β + δ) sin(β + δ)
sin γ cos(γ + δ) sin(γ + δ)
∣∣∣∣∣∣∣∣ .
®§¢'ï§ ­­ï. ®§ª« ¤¥¬® § ¤ ­¨© ¢¨§­ ç­¨ª §  ¥«¥¬¥­â ¬¨ ¯¥à-
è®£® áâ®¢¯ç¨ª  ­  áã¬ã âàì®å ¢¨§­ ç­¨ª÷¢ ¤àã£®£® ¯®àï¤ªã, ïª÷ ®¡ç¨-
á«¨¬®, ª®à¨áâãîç¨áì á¯÷¢¢÷¤­®è¥­­ï¬¨ ¬÷¦ âà¨£®­®¬¥âà¨ç­¨¬¨ äã­ª-
æ÷ï¬¨.  õ¬®:
∆ = sinα
∣∣∣∣∣ cos(β + δ) sin(β + δ)cos(γ + δ) sin(γ + δ)
∣∣∣∣∣− sin β
∣∣∣∣∣ cos(α + δ) sin(α + δ)cos(γ + δ) sin(γ + δ)
∣∣∣∣∣+
+ sin γ
∣∣∣∣∣ cos(α + δ) sin(α + δ)cos(β + δ) sin(β + δ)
∣∣∣∣∣ =
= sinα [sin(γ + δ) cos(β + δ)− cos(γ + δ) sin(β + δ)] +
+ sin β [sin(α + δ) cos(γ + δ)− cos(α + δ) sin(γ + δ)] +
+ sin γ [sin(β + δ) cos(α + δ)− cos(β + δ) sin(α + δ)] =




[cos(α− γ + β)− cos(α− γ + β) + cos(β − α + γ)− cos(α− β + γ)+
+ cos(γ − β + α)− cos(γ + β − α)] = 0.
÷¤¯®¢÷¤ì: 0.
à¨ª« ¤ 5.56. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣
−x a b c
a −x c b
b c −x a





®§¢'ï§ ­­ï. «ï æì®£® ®¡ç¨á«¥­­ï ¢¨§­ ç­¨ª  § áâ®áãõ¬® ¬¥â®¤




a+ b+ c− x a+ b+ c− x a+ b+ c− x a+ b+ c− x
a −x c b
b c −x a
c b a −x
∣∣∣∣∣∣∣∣∣∣∣
=
= (a+ b+ c− x)
∣∣∣∣∣∣∣∣∣∣∣
1 1 1 1
a −x c b
b c −x a
c b a −x
∣∣∣∣∣∣∣∣∣∣∣
.
÷¤­ï¢è¨ ¯¥àè¨© áâ®¢¯¥æì ¢÷¤ à¥èâ¨ áâ®¢¯æ÷¢, §­ å®¤¨¬®
∆ = (a+ b+ c− x)
∣∣∣∣∣∣∣∣∣∣∣
1 0 0 0
a −x− a c− a b− a
b c− b −x− b a− b
c b− c a− c −x− c
∣∣∣∣∣∣∣∣∣∣∣
=
= (a+ b+ c− x)
∣∣∣∣∣∣∣∣
−x− a c− a b− a
c− b −x− b a− b
b− c a− c −x− c
∣∣∣∣∣∣∣∣ .
 «÷ ¤®¤ ¬® ¤® ¯¥àè®£® àï¤ª  ¤àã£¨©:
∆ = (a+ b+ c− x)
∣∣∣∣∣∣∣∣
−x− a− b+ c −x− a− b+ c 0
c− b −x− b a− b
b− c a− c −x− c
∣∣∣∣∣∣∣∣ =
= (x− a− b− c)(x+ a+ b− c)
∣∣∣∣∣∣∣∣
1 1 0
c− b −x− b a− b




¥¯¥à ¢÷¤­÷¬¥¬® ¢÷¤ ¤àã£®£® áâ®¢¯æï ¯¥àè¨© ÷ à®§ª« ¤¥¬® ¢¨§­ ç­¨ª § 
¥«¥¬¥­â ¬¨ ¯¥àè®£® áâ®¢¯æï:
∆ = (x− a− b− c)(x+ a+ b− c)
∣∣∣∣∣∣∣∣
1 0 0
c− b −x− c a− b
b− c a− b −x− c
∣∣∣∣∣∣∣∣ =
= (x− a− b− c)(x+ a+ b− c)
∣∣∣∣∣ −x− c a− ba− b −x− c
∣∣∣∣∣ =
= (x− a− b− c)(x+ a+ b− c)
(
(x+ c)2 − (a− b)2
)
=
= (x− a− b− c)(x+ a+ b− c)(x+ a− b+ c)(x− a+ b+ c)
÷¤¯®¢÷¤ì: ∆ = (x−a−b−c)(x+b+c−a)(x+c+a−b)(x+a+b−c) .
à¨ª« ¤ 5.57. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 2 3 . . . n
1 x+ 1 3 . . . n
1 2 x+ 1 . . . n
. . . . . . . . . . . . . . .
1 2 3 . . . x+ 1
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ÷¤ ¤àã£®£® àï¤ª  ¢÷¤­÷¬¥¬® ¯¥àè¨© ÷ à®§ª« ¤¥¬®
¢¨§­ ç­¨ª §  ¥«¥¬¥­â ¬¨ ¤àã£®£® àï¤ª .  õ¬®
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 2 3 . . . n
0 x− 1 0 . . . 0
1 2 x+ 1 . . . n
. . . . . . . . . . . . . . .




1 3 4 . . . n
1 x+ 1 4 . . . n
. . . . . . . . . . . . . . .
1 3 4 . . . x+ 1
∣∣∣∣∣∣∣∣∣∣∣
.
 áâ®á®¢ãîç¨ ¯®á«÷¤®¢­® æ¥©  «£®à¨â¬ ¤® ª®¦­®£® ­ áâã¯­®£® ¢¨§­ ç­¨-
ª , ®âà¨¬ õ¬®
∆ = (x− 1)(x− 2) . . . (x−n+ 2)
∣∣∣∣∣ 1 n1 x+ 1
∣∣∣∣∣ = (x− 1)(x− 2) . . . (x−n+ 1).
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÷¤¯®¢÷¤ì: ∆ = (x− 1)(x− 2) . . . (x− n+ 1) .
à¨ª« ¤ 5.58. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆ =
∣∣∣∣∣∣∣∣∣∣∣∣∣
0 1 1 . . . 1
1 c1 0 . . . 0
1 0 c2 . . . 0
. . . . . . . . . . . . . . .
1 0 0 . . . cn
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï.  ¤ ­¨© ¢¨§­ ç­¨ª (n + 1) -£® ¯®àï¤ªã ¯®§­ ç¨¬®
ç¥à¥§ ∆n+1(c1, c2, . . . , cn) . ®§ª« ¢è¨ ©®£® ¯® ¤àã£®¬ã àï¤ªã, ®âà¨¬ õ¬®
∆n+1(c1, c2, . . . , cn) = −
n∏
k=2
ck + c1∆n(c2, c3, . . . , cn),
¤¥ ∆n(c2, c3, . . . , cn) { ¢¨§­ ç­¨ª n -£® ¯®àï¤ªã â ª®ù ¦ áâàãªâãà¨.
®¢â®àîîç¨ æî ¯à®æ¥¤ãàã ¤«ï ¢¨§­ ç­¨ª , ®âà¨¬ ­®£® ¢ ¯à ¢÷© ç áâ¨­÷
à÷¢­®áâ÷, ¯®á«÷¤®¢­® ¤÷áâ ­¥¬®






ck + c1c2∆n−1(c3, . . . , cn) =














à¨ª« ¤ 5.59. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆n+1 =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 −1 0 . . . 0
x a −1 . . . 0
x2 ax a . . . 0
. . . . . . . . . . . . . . .
xn axn−1 axn−2 . . . a
∣∣∣∣∣∣∣∣∣∣∣∣∣
.






1 0 0 . . . 0
x x+ a −1 . . . 0
x2 x(x+ a) a . . . 0
. . . . . . . . . . . . . . .




1 −1 . . . 0
x a . . . 0
. . . . . . . . . . . .
xn−1 axn−2 . . . a
∣∣∣∣∣∣∣∣∣∣∣
=
= (x+ a)∆n = (x+ a)
2∆n−1 = · · · = (x+ a)n−1
∣∣∣∣∣ 1 −1x a
∣∣∣∣∣ = (x+ a)n.
÷¤¯®¢÷¤ì: (x+ a)n .
à¨ª« ¤ 5.60. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 2 3 4 . . . n
−1 0 3 4 . . . n
−1 −2 0 4 . . . n
−1 −2 −3 0 . . . n
. . . . . . . . . . . . . . . . . .
−1 −2 −3 −4 . . . 0
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ®¤ ¢è¨ ¤® ®áâ ­­ì®£® àï¤ª  ¯¥àè¨© ÷ à®§ª« ¢è¨
¢¨§­ ç­¨ª §  ¥«¥¬¥­â ¬¨ ®áâ ­­ì®£® àï¤ª , ®âà¨¬ õ¬®
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 2 3 . . . n− 1 n
−1 0 3 . . . n− 1 n
−1 −2 0 . . . n− 1 n
−1 −2 −3 . . . n− 1 n
. . . . . . . . . . . . . . . . . .




1 2 . . . n− 1
−1 0 . . . n− 1
. . . . . . . . . . . .
−1 −2 . . . n− 1
∣∣∣∣∣∣∣∣∣∣∣
= n∆n−1,
¤¥ ∆n−1 { ¢¨§­ ç­¨ª â ª®£® ¦ ¢¨£«ï¤ã, é® ÷ § ¤ ­¨© ¢¨§­ ç­¨ª ∆n .
áª÷«ìª¨ ∆2 =
∣∣∣∣∣ 1 2−1 0
∣∣∣∣∣ = 2 , â®, § áâ®áã¢ ¢è¨ n−2 à §¨ ®âà¨¬ ­ã
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à¥ªãà¥­â­ã ä®à¬ã«ã, §­ ©¤¥¬®, é®
∆n = n∆n−1 = n(n− 1)∆n−2 = n(n− 1)(n− 2)∆n−3 = · · · =
= n(n− 1)(n− 2) . . . 3∆2 = n(n− 1)(n− 2) . . . 3 · 2 = n!.
÷¤¯®¢÷¤ì: n! .
à¨ª« ¤ 5.61. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆n =
∣∣∣∣∣∣∣∣∣∣∣∣∣
a+ b ab 0 . . . 0 0
1 a+ b ab . . . 0 0
0 1 a+ b . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 a+ b
∣∣∣∣∣∣∣∣∣∣∣∣∣
.
®§¢'ï§ ­­ï. ®§ª« ¤¥¬® ¢¨§­ ç­¨ª ∆n §  ¥«¥¬¥­â ¬¨ ¯¥àè®£®
àï¤ª . ®¤÷ ¤«ï n ≥ 3 ¬ õ¬®:
∆n = (a+ b)
∣∣∣∣∣∣∣∣∣∣∣∣∣
a+ b ab 0 . . . 0 0
1 a+ b ab . . . 0 0
0 1 a+ b . . . 0 0
. . . . . . . . . . . . . . . . . .





1 ab 0 . . . 0 0
0 a+ b ab . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 a+ b
∣∣∣∣∣∣∣∣∣∣∣
= (a+ b)∆n−1 − ab∆n−2.
®¡ ®âà¨¬ â¨ à¥ªãà¥­â­ã ä®à¬ã«ã, § áâ®áãõ¬® ¬¥â®¤ ¬ â¥¬ â¨ç­®ù
÷­¤ãªæ÷ù. «ï æì®£® ®¡ç¨á«¨¬® ∆1 = a + b =
a2 − b2
a− b
(a 6= b) i
∆2 =
∣∣∣∣∣ a+ b ab1 a+ b


























 ¢¨¯ ¤ªã a = b § â¨å ¦¥ ¬÷àªã¢ ­ì ®âà¨¬ õ¬®:
∆n = 2a∆n−1 − a2∆n−2, ∆1 = 2a, ∆2 = 3a2,
∆n−2 = (n− 1)an−2, ∆n−1 = nan−1,
∆n = 2ana




(a 6= b) , ∆n = (n+ 1)an (a = b) .
à¨ª« ¤ 5.62. ¡ç¨á«¨â¨ ¢¨§­ ç­¨ª
∆(x1, x2, . . . , xn) =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 1 . . . 1
x1 x2 . . . xn
x21 x
2
2 . . . x
2
. . . . . . . . . . . .
xn−11 x
n−1





®§¢'ï§ ­­ï. ÷¤­÷¬ îç¨ ¯¥àè¨© áâ®¢¯¥æì ¢÷¤ ãá÷å ­ áâã¯­¨å
áâ®¢¯æ÷¢, ®âà¨¬ õ¬®
∆(x1, x2, . . . , xn) =
∣∣∣∣∣∣∣∣∣∣∣∣∣
1 0 . . . 0
x1 x2 − x1 . . . xn − x1
x21 x
2
2 − x21 . . . x2n − x21
. . . . . . . . . . . .
xn−11 x
n−1







 «÷ à®§ª« ¤¥¬® æ¥© ¢¨§­ ç­¨ª §  ¥«¥¬¥­â ¬¨ ¯¥àè®£® àï¤ª .  õ¬®:
∆(x1, x2, . . . , xn) =
∣∣∣∣∣∣∣∣∣∣∣
x2 − x1 x3 − x1 . . . xn − x1
x22 − x21 x23 − x21 . . . x2n − x21
. . . . . . . . . . . .
xn−12 − xn−11 xn−13 − xn−11 . . . xn−1n − xn−11
∣∣∣∣∣∣∣∣∣∣∣
.
÷¤­÷¬ îç¨ â¥¯¥à ¢÷¤ ª®¦­®£® àï¤ª  ¯®¯¥à¥¤­÷© àï¤®ª, ¯®¬­®¦¥­¨© ­ 
x1 , ®¤¥à¦¨¬®
∆(x1, x2, . . . , xn) =
∣∣∣∣∣∣∣∣∣∣∣
x2 − x1 x3 − x1 . . . xn − x1
x2(x2 − x1) x3(x3 − x1) . . . xn(xn − x1)
. . . . . . . . . . . .
xn−22 (x2 − x1) xn−23 (x3 − x1) . . . xn−2n (xn − x1)
∣∣∣∣∣∣∣∣∣∣∣
.
÷á«ï ¢¨­¥á¥­­ï §  §­ ª ¢¨§­ ç­¨ª  á¯÷«ì­®£® ¬­®¦­¨ª  ¯¥àè®£®
áâ®¢¯æï, é® ¤®à÷¢­îõ x2 − x1 , á¯÷«ì­®£® ¬­®¦­¨ª  ¤àã£®£® áâ®¢¯æï,
é® ¤®à÷¢­îõ x3−x1 ,..., á¯÷«ì­®£® ¬­®¦­¨ª  n -£® áâ®¢¯æï, é® ¤®à÷¢­îõ
xn − x1 , ¤÷áâ ­¥¬®
∆(x1, x2, . . . , xn) = (x2 − x1)(x3 − x1) . . . (xn − x1)∆(x2, x3, . . . , xn).
  ­ «®£÷ç­¨å ¬÷àªã¢ ­ì á¯®ç âªã ¬ â¨¬¥¬®
∆(x2, x3, . . . , xn) = (x3 − x2)(x4 − x2) . . . (xn −−x2)∆(x3, . . . , xn),
  ¯®â÷¬ ®áâ â®ç­® §­ ©¤¥¬®, é®
∆(x1, x2, . . . , xn) = (x2 − x1)(x3 − x1) . . . (xn − x1)(x3 − x2)(x4 − x2) . . .
. . . (xn − x2) . . . (xn − xn−1).
÷¤¯®¢÷¤ì: (x2 − x1)(x3 − x1) . . . (xn − x1)(x3 − x2)(x4 − x2) . . . (xn −
−x2) . . . (xn − xn−1).
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5.3 ¨áâ¥¬¨ «÷­÷©­¨å à÷¢­ï­ì
à¨ª« ¤ 5.63. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
3x1 + 4x2 + 5x3 − 2x4 − 3x5 = −15,
2x1 − 3x2 − 5x3 + x4 + 2x5 = 15,
4x1 + x2 − 3x3 + 4x4 − 4x5 = 9,
x1 − 2x2 + x3 − x4 + x5 = −3,
−2x1 − 2x2 + 2x3 − 3x4 − x5 = −6,
®§¢'ï§ ­­ï. ¯®ç âªã § ¯¨è¥¬® á¨áâ¥¬ã â ª:
x1 − 2x2 + x3 − x4 + x5 = −3,
2x1 − 3x2 − 5x3 + x4 + 2x5 = 15,
−2x1 − 2x2 + 2x3 − 3x4 − x5 = −6,
3x1 + 4x2 + 5x3 − 2x4 − 3x5 = −15,
4x1 + x2 − 3x3 + 4x4 − 4x5 = 9,
  ¯®â÷¬ à®§¢'ï¦¥¬® ùù ¬¥â®¤®¬  ãác :
1 −2 1 −1 1 | −3
2 −3 −5 1 2 | 15
−2 −2 2 −3 −1 | −6
3 4 5 −2 −3 | −15




1 −2 1 −1 1 | −3
0 1 −7 3 0 | 21
0 −6 4 −5 1 | −12
0 10 2 1 −6 | −6





1 −2 1 −1 1 | −3
0 1 −7 3 0 | 21
0 0 −38 13 1 | 114
0 0 72 −29 −6 | −216




1 −2 1 −1 1 | −3
0 1 0 3 −7 | 21
0 0 1 13 −38 | 114
0 0 −6 −29 72 | −216
0 0 −8 −19 56 | −168







1 −2 1 −1 1 | −3
0 1 0 3 −7 | 21
0 0 1 13 −38 | 114
0 0 0 49 −156 | 468




1 −2 1 −1 1 | −3
0 1 0 3 −7 | 21
0 0 1 13 −38 | 114
0 0 0 1 −15649 |
468
49





1 −2 1 −1 1 | −3
0 1 0 3 −7 | 21
0 0 1 13 −38 | 114
0 0 0 1 −15649 |
468
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0 0 0 0 1 | −3

.
¢÷¤á¨ §­ å®¤¨¬®, é® x3 = −3 , a x1 = x2 = x4 = x5 = 0 .
÷¤¯®¢÷¤ì: x3 = −3 , x1 = x2 = x4 = x5 = 0 .
à¨ª« ¤ 5.64. ª÷ ã¬®¢¨ ¬ îâì § ¤®¢®«ì­ïâ¨ ç¨á« , é®¡ á¨áâ¥¬ 
«÷­÷©­¨å à÷¢­ï­ì 
−a3x2 + a2x3 = b1,
a3x1 − a1x3 = b2,
−a2x1 + a1x2 = b3,
a1x1 + a2x2 + a3x3 = c
¡ã«  ­¥áã¬÷á­®î?
®§¢'ï§ ­­ï. ®§­ ç¨¬® ç¥à¥§ A ÷ A ¢÷¤¯®¢÷¤­® ®á­®¢­ã ÷ à®§è¨-







 , A =

0 −a3 a2 b1
a3 0 −a1 b2
−a2 a1 0 b3














































­ ©¤¥¬® ¢¨§­ ç­¨ª à®§è¨à¥­®ù ¬ âà¨æ÷ § ¤ ­®ù «÷­÷©­®ù á¨áâ¥¬¨
∆ =
∣∣∣∣∣∣∣∣∣∣∣
0 −a3 a2 b1
a3 0 −a1 b2
−a2 a1 0 b3
a1 a2 a3 c
∣∣∣∣∣∣∣∣∣∣∣
= −b1∆4 + b2∆3 − b3∆2 + c∆1 =
= −(a1b1 + a2b2 + a3b3)(a21 + a22 + a23).
®§£«ï­¥¬® ¤¢  ¢¨¯ ¤ª¨:




3 = 0 . ®¤÷ ïªé® ¢á÷
ç¨á«  b1, b2, b3, c ¤®à÷¢­îîâì ­ã«î, â® ¤ ­  á¨áâ¥¬  õ áã¬÷á­®î ÷
­¥¢¨§­ ç¥­®î. ªé® ¦ å®ç  ¡ ®¤­¥ § ç¨á¥« b1, b2, b3, c ¢÷¤¬÷­­¥ ¢÷¤





2 6= 0 , â® á¨áâ¥¬  õ
­¥áã¬÷á­®î.




3 6= 0 . ®¤÷ å®ç  ¡ ®¤­¥ § ç¨á¥« a1, a2, a3 ¢÷¤¬÷­­¥
¢÷¤ ­ã«ï,  , §­ ç¨âì, ÷ å®ç  ¡ ®¤¨­ § ¬÷­®à÷¢ ∆1, ∆2, ∆3 ¢÷¤¬÷­­¨©
¢÷¤ ­ã«ï. ¥ ®§­ ç õ, é® à ­£ ¬ âà¨æ÷ ¤®à÷¢­îõ 3. ªé® ¯à¨ æì®¬ã
¢¨ª®­ãõâìáï ã¬®¢  a1b1+a2b2+a3b3 = 0 , â® à ­£ à®§è¨à¥­®ù ¬ âà¨æ÷
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A â ª®¦ ¤®à÷¢­îõ 3,   â®¬ã §£÷¤­® § â¥®à¥¬®î à®­¥ª¥à { ¯¥««÷
¤ ­  á¨áâ¥¬  õ áã¬÷á­®î. áª÷«ìª¨ ç¨á«® ­¥¢÷¤®¬¨å ¤®à÷¢­îõ à ­£ã
¬ âà¨æ÷ A , â® ¤ ­  á¨áâ¥¬  áã¬÷á­  ÷ ¢¨§­ ç¥­ , â®¡â® ¬ õ õ¤¨­¨©
à®§¢'ï§®ª.
ªé® ¦ a1b1 + a2b2 + a3b3 6= 0 , â® à ­£ à®§è¨à¥­®ù ¬ âà¨æ÷ A ¤®-
à÷¢­îõ 4, â®¡â® ­¥ ¤®à÷¢­îõ à ­£ã ®á­®¢­®ù ¬ âà¨æ÷ A ,   æ¥ ®§­ ç õ,
é® ¤ ­  á¨áâ¥¬  õ ­¥áã¬÷á­®î.











2 6= 0  ¡® a21 + a22 + a23 6= 0 ÷
a1b1 + a2b2 + a3b3 6= 0 , â® § ¤ ­  á¨áâ¥¬  «÷­÷©­¨å à÷¢­ï­ì õ ­¥áã¬÷á­®î.
















3 6= 0 ÷ a1b1 + a2b2 + a3b3 6= 0 .
à¨ª« ¤ 5.65. «ï ¢á÷å ¤÷©á­¨å §­ ç¥­ì ¯ à ¬¥âà÷¢ a ÷ b
à®§¢'ï§ â¨ á¨áâ¥¬ã
ax1 + x2 + x3 + · · ·+ xn = 1,
x1 + ax2 + x3 + · · ·+ xn = 1,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ,
x1 + · · ·+ xn−2 + axn−1 + xn = 1,
x1 + x2 + · · ·+ xn−1 + axn = b,
n ∈ N , n ≥ 2 .
®§¢'ï§ ­­ï
1. ªé® a = 1, b 6= 1 , â® á¨áâ¥¬  ­¥áã¬÷á­ .
2. ªé® a = 1, b = 1 , â® á¨áâ¥¬  ¬ õ ¡¥§«÷ç à®§¢'ï§ª÷¢
xn = 1− x1 − x2 − · · · − xn−1; x1, x2, . . . , xn−1 ∈ R.
¥å © a 6= 1 . ®¤÷, ¢÷¤­÷¬ îç¨ ¢÷¤ «÷¢®ù â  ¯à ¢®ù ç áâ¨­ ¯¥àè®£®
à÷¢­ï­­ï ¢÷¤¯®¢÷¤­ã «÷¢ã â  ¯à ¢ã ç áâ¨­¨ ¤àã£®£® à÷¢­ï­­ï, ®âà¨-
¬ õ¬®
(a− 1)x1 + (1− a)x2 = 0,
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§¢÷¤ª¨ ¬ õ¬® x1 = x2.
­ «®£÷ç­® ¬®¦­  ¯®ª § â¨, é®
x3 = x1, x4 = x1, . . . , xn−1 = x1.
®¬ã § ¤ ­  á¨áâ¥¬  à÷¢­ï­ì ¯à¨ a 6= 1 à÷¢­®á¨«ì­  â ª÷© á¨áâ¥¬÷
xi = x1, i = 1, 2, . . . , n− 1,
(a+ n− 2)x1 + xn = 1,
(n− 1)x1 + axn = b.
(5.1)
¢÷¤á¨, ¢¨ª«îç îç¨ xn § ¤¢®å ®áâ ­­÷å à÷¢­ï­ì á¨áâ¥¬¨, ®âà¨¬ãõ¬®
à÷¢­ï­­ï
(a− 1)(a− (1− n))x1 = a− b. (5.2)
3. ªé® a = 1−n , b 6= 1−n , â® à÷¢­ï­­ï (5.1),   â®¬ã ÷ § ¤ ­  á¨áâ¥¬ 
­¥áã¬÷á­÷.
4. ªé® a = 1−n , b = 1−n , â® ¤¢  ®áâ ­­÷å à÷¢­ï­­ï á¨áâ¥¬¨ (5.1) à÷¢-
­®á¨«ì­÷ à÷¢­ï­­î x1 = xn − 1 . ¢÷¤á¨ ¢¨¯«¨¢ õ, é® § ¤ ­  á¨áâ¥¬ 
¬ õ ¡¥§«÷ç à®§¢'ï§ª÷¢:
x1 = x2 = · · · = xn−1 = xn − 1, xn ∈ R.
5. ªé® a 6= 1 , a 6= 1 − n , b ∈ R , â® § à÷¢­ï­­ï (5.2) ¢¨¯«¨¢ õ,
é® x1 =
a− b
(a− 1)(a− (1− n))
.  § ¯¥à¥¤®áâ ­­ì®£® à÷¢­ï­­ï á¨áâ¥¬¨




(a− 1)(a+ n− 1)
, i = 1, 2, . . . , n−1; xn =
b(a− 1) + (b− 1)(n− 1)
(a− 1)(a+ n− 1)
.




à¨ª« ¤ 5.66. à¨ ïª®¬ã §­ ç¥­­÷ ¯ à ¬¥âà  a á¨áâ¥¬  à÷¢­ï­ì
x+ 2y − az = 0,
x+ y − z = 1,
x+ y + (a5 + a− 3)z = 3
¬ õ à®§¢'ï§®ª?
®§¢'ï§ ­­ï. ®§¢'ï¦¥¬® á¨áâ¥¬ã ¬¥â®¤®¬  ãáá .
x+ y − z = 1,
x+ 2y − az = 0,
x+ y + (a5 + a− 3)z = 3
⇒

x+ y − z = 1,
y − (a− 1)z = −1,
(a5 + a− 2)z = 2.
â¦¥, á¨áâ¥¬  ¬ õ à®§¢'ï§®ª ¯à¨ a5 + a− 2 6= 0 . áª÷«ìª¨ ¯®å÷¤­  «÷¢®ù
ç áâ¨­¨ 5a4 + 1 > 0 ¯à¨ ¡ã¤ì-ïª¨å a ∈ R , â® a5 + a − 2 ¬®­®â®­­®
§à®áâ õ ÷ à÷¢­ï­­ï a5 + a− 2 = 0 ¬ õ õ¤¨­¨© ª®à÷­ì a = 1 .
 ª¨¬ ç¨­®¬, á¨áâ¥¬  ¬ õ à®§¢'ï§®ª ¯à¨ a 6= 1 .
÷¤¯®¢÷¤ì: á¨áâ¥¬  ¬ õ à®§¢'ï§®ª ¯à¨ a 6= 1 .
à¨ª« ¤ 5.67. ®§¢'ï§ â¨ á¨áâ¥¬ã à÷¢­ï­ì:
a11x1 + a12x2 + · · ·+ a1nxn = b1,
a21x1 + a22x2 + · · ·+ a2nxn = b2,
. . . . . . . . . . . . . . . . . . . . . . . . ,
an1x1 + an2x2 + · · ·+ annxn = bn,
¤¥ aij = min{i, j} , i, j = 1, 2, . . . , n , b1 = n , bk = bk−1 + n − k + 1 ,
k = 1, 2, . . . , n .
®§¢'ï§ ­­ï.  ¯¨è¥¬® à®§è¨à¥­ã ¬ âà¨æî á¨áâ¥¬¨:
1 1 1 . . . 1 | b1
1 2 2 . . . 2 | b1 + n− 1
1 2 3 . . . 3 | b2 + n− 2
. . . . . . . . . . . . . . . | . . .





 àï¤ª  § ­®¬¥à®¬ n ¢÷¤­÷¬¥¬® àï¤®ª § ­®¬¥à®¬ n−1 , ¯÷á«ï ç®£® § àï¤ª 
§ ­®¬¥à®¬ n− 1 ¢÷¤­÷¬¥¬® àï¤®ª § ­®¬¥à®¬ n− 2 ÷ â. ¤. âà¨¬ õ¬®
1 1 1 . . . 1 | n
0 1 1 . . . 1 | n− 1
0 0 1 . . . 0 | n− 2
. . . . . . . . . . . . . . . | . . .
0 0 0 . . . 1 | 1

.
¢÷¤á¨ ¢¨¯«¨¢ õ, é® x1 = x2 = · · · = xn = 1.
÷¤¯®¢÷¤ì: x1 = x2 = · · · = xn = 1.
à¨ª« ¤ 5.68. à¨ ïª¨å §­ ç¥­­ïå a ¤«ï ¡ã¤ì-ïª®£® ç¨á«  b
§­ ©¤¥âìáï å®ç  ¡ ®¤­¥ ç¨á«® c â ª¥, é® á¨áâ¥¬  ài¢­ï­ì{
x+ 2by = a,
bx+ (1− b)y = c2 + ac
(5.3)
¬ õ à®§¢'ï§®ª?
®§¢'ï§ ­­ï.   â¥®à¥¬®î à®­¥ª¥à { ¯¥««÷ á¨áâ¥¬  (5.3) áã¬÷-






¤®à÷¢­îõ à ­£ã ùù à®§è¨à¥­®ù ¬ âà¨æ÷
A =
(
1 2b | a
b 1− b | c2 + ac
)
.
ªé® ¢¨§­ ç­¨ª á¨áâ¥¬¨ ­¥ ¤®à÷¢­îõ ­ã«î:
∆ =
∣∣∣∣∣ 1 2bb 1− b
∣∣∣∣∣ = 1− b− 2b2 6= 0 ⇔ b 6= 1, b 6= 0, 5,
â® r(A) = r(A) = 2 ÷ á¨áâ¥¬  (5.3) ¬ õ õ¤¨­¨© à®§¢'ï§®ª ¯à¨ ¡ã¤ì-ïª¨å
a ÷ c .
159
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¥å © ∆ = 0 (¯à¨ b = −1 ç¨ b = 0, 5 ), â®¤÷ r(A) = 1 ,
A =
(
1 −2 | a




1 2 | a
0 0 | c2 + ac+ a
)
÷ r(A) = 1 ⇔ c2 + ac+ a = 0 . à¨ b = 0, 5 ¬ õ¬®
A =
(
1 1 | a




1 1 | a
0 0 | 2c2 + 2ac− a
)
÷ r(A) = 1 ⇔ 2c2 + 2ac+ a = 0 .
â¦¥, ­ á æ÷ª ¢«ïâì â÷ © â÷«ìª¨ â÷ §­ ç¥­­ï a , ¯à¨ ïª¨å á¨áâ¥¬ 
ª¢ ¤à â­¨å à÷¢­ï­ì {
c2 + ac+ a = 0,
2c2 + 2ac− a = 0
¬ õ à®§¢'ï§®ª ¢÷¤­®á­® ­¥¢÷¤®¬®ù c . ÷ §­ ç¥­­ï §­ ©¤¥¬®, à®§¢'ï§ ¢è¨
á¨áâ¥¬ã ­¥à÷¢­®áâ¥©:{
a2 − 4a ≥ 0,
4a2 + 8a ≥ 0
⇔ a ∈ (−∞;−2) ∪ {0} ∪ [4; +∞).
÷¤¯®¢÷¤ì: a ∈ (−∞;−2) ∪ {0} ∪ [4; +∞).
à¨ª« ¤ 5.69. à¨ ïª¨å ­ âãà «ì­¨å n á¨áâ¥¬  «÷­÷©­¨å à÷¢­ï­ì
áã¬÷á­ ? 
x2 + x3 + · · ·+ xn−1 + xn = 1,
−x1 + x3 + · · ·+ xn−1 + xn = 1,
−x1 − x2 + · · ·+ xn−1 + xn = 1,
−x1 − x2 − x3 + · · ·+ xn = 1,
. . . . . . . . . . . . . . . . . . . . . . . . ,
−x1 − x2 − x3 + · · · − xn−1 = 1,
®§¢'ï§ ­­ï. ÷¤­÷¬ îç¨ ¤àã£¥ à÷¢­ï­­ï § ¯¥àè®£®, âà¥âõ { § ¤àã-
160
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£®£® ÷ â ª ¤ «÷, ®âà¨¬ õ¬® â ªã á¨áâ¥¬ã
x1 + x2 = 0,
x2 + x3 = 0,
. . . . . . . . . . . . . . . ,
xn−1 + xn = 0,
⇒ x1 = −x2 = x3 = · · · = (−1)n−1xn.
÷¤áâ ¢«ïîç¨ æ÷ §­ ç¥­­ï ¢ ¯¥àè¥ à÷¢­ï­­ï, ®âà¨¬ õ¬® xn = 1 ¯à¨
¯ à­®¬ã n ÷ ­¥¯à ¢¨«ì­ã à÷¢­÷áâì 0 = 1 ¯à¨ ­¥¯ à­®¬ã n .
â¦¥, á¨áâ¥¬  áã¬÷á­  ¯à¨ ¯ à­¨å n ( xk = (−1)k−1, k = 1, 2, . . . , n )
÷ ­¥áã¬÷á­  ¯à¨ ­¥¯ à­¨å n .
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